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Preface

Herman Weyl has said that in order to understand any mathematical
structure, one should investigate its group of symmetries. In the class of Ba-
nach spaces, such a goal leads naturally to a study of isometries. A principal
theme in geometry from the earliest times has been the study of transforma-
tions preserving lengths and angles. If the origins of the theory of Banach
spaces are assigned to the appearance of Banach’s book in 1932, then the
study of Banach space isometries must be assigned the same starting date.
In his book, Banach included the first characterizations of all isometries on
certain classical spaces. The body of literature concerning isometries that has
grown up since that time 1s large, perhaps surprisingly so.

An isometry, of course, is a transformation which preserves the distance
between elements of a space. When Banach showed in 1932 that every linear
1sometry on the space of continuous real valued functions on a compact metric
space must transform a continuous function z(t) into a continuous function
y(t) satisfying

where |h(t)] = 1 and ¢ is a homeomorphism, he was establishing a canon-
ical form characterization which fits in an astonishing number of cases. In
this volume we are interested primarily in just such explicit descriptions of
isometries. Our approach, then, will differ from that of many authors whose
interest in isometries lies in showing which spaces are isometric to each other,
or to those whose interest is in discovering properties of topological spaces on
which the functions in the Banach spaces are defined. Such interests as these
have served as excellent motivations for the types of characterizations that
interest us. There have been several excellent surveys concerning isometries,
including those by Behrends, Loomis, Jarosz, and Jarosz and Pathak, each
of which concentrates on some subset of the whole. Our intent was to pro-
vide a survey of the entire subject, and our survey article (1993) serves as an
inspiration and guide for the current work.

Our goal has been to produce a useful resource for experts in the field as
well as beginners, and also for those who simply want to acquaint themselves
with this portion of Banach space theory. We have tried to provide some
history of the subject, some of the important results, some flavor of the wide
variety of methods used in attacking the characterization problem for various

vil
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viii PREFACE

types of spaces, and an exhaustive bibliography. We have probably underes-
timated the enormity of such a project, and perhaps what we have produced
1s more of a sampler than a full-blown survey.

We have chosen to organize the material according to the different classes
of spaces under study and this is reflected in the chapter headings. The current
volume 1s the first of two intended volumes, and as can be seen from the table
of contents, it is primarily concerned with isometries on function spaces. The
first chapter treats some general topics such as linearity, orthogonality, and
Wold decompositions, while Chapter 6 contains material on noncommutative
C*-algebras, but the rest of the chapters treat the classical function spaces.

The second volume will include chapters with the following titles:

Chapter 7: The Banach-Stone Property
Chapter 8: Other Vector-Valued Function Spaces
Chapter 9: Orthogonal Decompositions
Chapter 10: Matrix Spaces

Chapter 11: Norm Ideals of Operators

Chapter 12: Spaces with Trivial Isometries
Chapter 13: Epilogue

In each chapter we try to include an early result of some historical impor-
tance. Other selections are made in order to expose some one of the principal
methods that have been used, or perhaps to give an account of work that
has not received much attention. The chapters, and even the sections within
the chapters, are mostly independent of each other, and the reader can begin
at any point of interest. In making our selections we have, no doubt, left
out many others just as deserving and quite possibly more important. Hope-
fully, most of these omissions in the text are mentioned in the notes and the
bibliography.

The exposition relies mostly on the original papers, and we have tried to
report faithfully on those results, with additional clarifications when possible.
Probably we have included more detail than necessary in some instances, but
we have chosen to err on that side. There are a few places where we have
given only sketchy arguments.

In each chapter we include a section on notes and remarks which give
related results and other approaches that were not included in the main text.
We hope these sections will help to soothe those who disagree sharply with
our choice of material. For the most part, all references are given in the notes
section. The exceptions are in cases where a reference is needed to justify a
statement being made in the text.

In the bibliography we give a representative selection of the works on
isometries, and a serious investigation of all such works available should prob-

” g

ably begin with Math Sci Net using the phrases “isometries on,” “isometries
in,” or “isometries for.” Certainly there are many papers on vector-valued
function spaces and matrix spaces which one might be expected to be men-

tioned here, but we are saving these for the second volume. That second
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PREFACE ix

volume will include many more references which were not directly relevant in
this first one, and we also intend for Chapter 13 of Volume 2 to provide a
further guide to the literature.

We assume that our readers are familiar with the standard material in
courses in real variables, complex function theory, and functional analysis.
Terms and notation that are common in those fields we leave undefined in
the text. Page references to some of the special notation are given in the
index. Some notation, of course, serves multiple purposes which should be
understood in the context in which it appears. If some symbol or term 1is
encountered which is not referenced in the index, the reader should be able
to find i1t explained within a page or two of that location.

We have received much encouragement for this project from a number of
people over recent years, and we want to mention three people in particular
who have provided special help. Joe Diestel read portions of the work in
early stages and his kind words helped move us forward. Bill Hornor has
provided valuable advice, particularly in regard to Chapter 4 on analytic
functions. David Blecher helped immeasurably in reading much of Chapter
6, and tried to guide us in understanding the material on operator spaces and
the nonsurjective case of Kadison’s theorem. However, we strongly emphasize
the fact that we alone are responsible for any existing errors.

Finally, we would both like to express our deep appreciation and love for
our wives, Diane Fleming and Jan Jamison, for their patience and devotion.

Richard J. Fleming and James E. Jamison

August 30, 2002
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CHAPTER 1
Beginnings

1.1. Introduction

Isometries are, in the most general sense, transformations which preserve
distance between elements. Such transformations are basic in the study of
geometry which is concerned with rigid motions and properties preserved by
them. The isometries of the Euclidean plane may all be described as rotations,
translations, reflections, and glide reflections, and these transformations form
a group under the operation of composition. This group is sometimes called
the Fuclidean group of the plane. Of course the Euclidean group is very large
and often certain subgroups are sought which preserve some particular subset
of the plane. If S is a subset of the Euclidean plane R? the subgroup ¢
which consists of all isometries which map S onto itself is called the complete
symmetry group of S. A subgroup of G is called a symmetry group of S.

The symmetry group of the unit circle given by an equation

2 2 _
i +z3=1

relative to a fixed coordinate system is sometimes called the orthogonal group
in the plane. It can be seen that each transformation in this group must leave
the origin fixed and is therefore a linear transformation. This is a special case
of a more general result which we will prove shortly.

The fact that transformations in the orthogonal group are linear allows
them to be represented by matrices which are of two forms:

cosfl  —sinf

sinfl cosl
which represents a rotation through an angle 8; and

cosf  sinf

stnfl —cosf
which represents a reflection of the plane with respect to the line given by the
equation

z1stn(0/2) — wacos(0/2) = 0.

The rotations form a subgroup of the symmetry group called the rotation
group.

© 2003 by Chapman & Hall/CRC



2 1. BEGINNINGS

If instead of the circle, we find the symmetry group of a regular n-gon,
we get the dihedral group D,,. For example, the case n = 4 gives the sym-
metry group for the square. Clearly rotations of 7/2 and succeeding powers
are 1sometries as are reflections across the four symmetry axes consisting of
lines through opposite vertices and lines passing through midpoints of oppo-
site sides. Thus D4 has eight elements whose matrix forms are particularly
nice. More generally, D,, consists of 2n elements which include n rotations in
multiples of 27/n and n reflections across symmetry axes as follows:

If n is even, there are n/2 axes passing through opposite vertices
and n/2 axes passing through midpoints of opposite sides; if n
i1s odd, each edge has an opposite vertex and an axis passes
through the midpoint of an edge and its opposite vertex.

We mention these well known facts simply to call attention to the basic
role of the study of isometries in geometry as well as in elementary group
theory. Before leaving this discussion of the isometries of the plane, however,
let us note that the orthogonal group (that is, the symmetry group of the
circle) is the set of all linear isometries of the real two dimensional Hilbert
space £2(2). The dihedral group Dy is the group of all linear isometries of
the real two dimensional Banach space £°°(2) (or for that matter, ¢ (2) for
1 <p< oo, p#2). By #(n) we mean the space of n-tuples of scalars
with the p-norm given by ||z||, = (3 |l‘j|p)(1/p) for 1 < p < oo and ||#]|cc =
sup{|z;| : j = 1...n}. The group D4 is very small in comparison with the
orthogonal group which is a common observation when comparing isometries
of a Banach space to those of a Hilbert space. In fact, a typical element of
Dy can be described by the simple formula

(1) 9(t) = h(t) f (1))

where f = f(t) denotes a real function on {1, 2}, ¢ is a permutation of {1,2},
and h is a real function with |h(¢)] = 1 (unimodular). A formula something
like (1) will appear often in the sequel because descriptions of isometries are
usually given by this type of canonical form.

Herman Weyl [321, p.144] has said that in order to fully understand a
mathematical structure one should investigate its group of symmetries. It is
not surprising, then, that mathematicians would be interested in describing
the 1sometries on particular Banach spaces and that this particular quest has
led to a vast literature in the subject. Nor is it surprising to learn that the
earliest results in the modern setting would be the work of Banach in his 1932
treatise on linear operators. Indeed, we open the door to our survey of the
subject by examining in detail Banach’s description of the form of an isometry
on the space of continuous functions.

1.2. Banach’s Characterization of Isometries on C'(Q)

Suppose that @ is a compact metric space. By C(Q) we mean the Banach
space of continuous real valued functions defined on ¢ with the supremum

© 2003 by Chapman & Hall/CRC



1.2. BANACH’'S CHARACTERIZATION OF ISOMETRIES ON C(Q) 3

norm. We begin with Banach’s characterization of a peak point for a function
f in relation to the existence of directional derivatives of the norm at f.

1.2.1. LEMMA. Let f € C(Q) and sy € Q. In order that
) F(so)l > [f(s)] For ach s € Qwith s # 5o

it 15 necessary and sufficient that

(3) i I tall = 1AL

t—0 i
exists for each g € C(Q).
Moreover, if f satisfies (2), we have

L gl — A

(4) t—0 i
for each g € C(Q).

PROOF. Let us first show that (3) is necessary. If (2) holds, then ||f|| =
|£(s0)]. Now given g € C(Q) and a real number ¢, f + tg is continuous on ¢
and so attains its maximum absolute value at some s; € ). Therefore,

(5) 1f(s0) +tg(s0)l = [F(s0)| < [If +tgll = [I£1] = |F(s0) + talse)[ = [f(s0)].

Also, we have

9(s0)sgnf(so)

|f(s0) +tg(s0)| < [f(s0) +1g(s0)]

and a little manipulation yields the inequality

0 < [f(s0)l = [f(se) < [tllg(s0)| + [tllg(se)] < 21tlllg]]-

It now follows that lim;_o |f(s¢)| = |f(s0)| and the compactness of @) allows
us to conclude that

(6) tlg% st = Sg.

Now let us first suppose that f(sg) < 0. By virtue of the fact that
s — sg, we may choose t so small that

|f(s0) +tg(s0)| = |f(s0)| = —f(s0) —tg(s0) + f(s0) = —tg(s0)

and

|[F(se) +ta(se)| = 1f(se)] = =F(50) —tg(se) + f(se) = —tg(se)-

From these two statements and (5) we see that

—tf(s0) <\ +tgll = [If1) < —tg(st)

for sufficiently small t which combined with (6) and the continuity of g leads
to

S gl = 7

t—0 i

—g(s0)-

© 2003 by Chapman & Hall/CRC



4 1. BEGINNINGS
The case where f(sg) > 0 (which is the case considered in Banach’s book)
can be treated in a similar manner to establish that
IS+ gl = A
lim —————— = .
tg% [ 9(s0)
This completes the proof of the necessity of the existence of the limit in (3)

and shows that (4) must hold.
For the sufficiency let us assume that sg, s1 € @ with sg # s1 and

1= 17 (so)l = [f(s)[ = [f(s)]

for all s € Q. If f(sg) < 0, define ¢g(s) = —d(s, s1) where d denotes the metric
on (). Then

I+ tall = I/ = 1£(s0) + tg(s0)| = [f(s0)] = = F(s0) = tg(s0) + f(s0)

= td(So, 81)
for all sufficiently small . We conclude that
P oA el |
(7) tg%l_l_mff > d(sp,s1) > 0.

However,

1+ 2gll = 11 = 1F(s1) +2d(s1,50)| = [f(s1)] = 0.

for all h, whereby we must have

: 15 +tgll = [I/]
(8) thgl_ sup , < 0.
The inequalities (7) and (8) show that the limit (3) cannot exist.
For the case where f(sq) > 0, we define f(s) = d(s, s1) and give a similar

argument. |

We now state and prove the theorem of Banach for surjective isometries

on C'(Q) spaces.

1.2.2. THEOREM. If ) and K are compact metric spaces then for the
spaces of real continuous functions C(Q) and C(K) to be isometrically iso-
morphic it is necessary and sufficient that () and K be homeomorophic. In
this case, an isometric isomorphism T from C(Q) onto C(K) must be given

by
(9) Tf(t) =h(t)f(p(t) for t €K,

where @ 1s a homeomorphism from K onto @ and h s a real valued unimodular
function on K.

ProOOF. It is easy to see that if ¢ is a homeomorphism from K onto @,
then a transformation U defined by (9) is an isometric isomorphism of C'(Q)
onto C'(K) and thus the sufficiency of the condition is clear.

© 2003 by Chapman & Hall/CRC



1.2. BANACH’S CHARACTERIZATION OF ISOMETRIES ON C(Q) 5

For the necessity, let T be a linear isometry from C(Q) onto C'(K), sup-
pose sy €  and let f € C(Q) be such that |f(so)| > |f(s)| for all s € Q. By
Lemma 1.2.1,

gl = 1]

r—0 r

= g(s0)sgnf(so)
must exist for every ¢ € C'(Q). Since T is an isometry,

U+ rgll = WAL _ o T+ Tgll = TS
r

r—0 r

(10)  glso)sgnfiso) = lim

and we apply the lemma again to conclude that there is some ¢, € K such
that

[TFf(to)| > |Tf(@)| forallt € K witht# sg.

(Tt is important to note here that we can apply the lemma since Tg runs
through all of C'(K).) Furthermore, we may conclude from (10) and (4) that

g(so)sgnf(so) = Tg(to)sgnT f(to).
If we let h(to) = sgnf(so)T f(to), then |h(ty)| = 1 and we get
(11) Ug(to) = h(to)g(se) for each g € C(Q).

Let us define ¢ from @ to K by v(sg) = to. Now ¢ is injective, for if
¥(s1) = ¥(s2), then by (11) we have |g(s1)| = |g(s2)] for all g € C(Q) and so
s1 = so. To see that ¢ is surjective, let ¢ty € K and define ¢ on K by

(t) - ;

M= T1d(, 1)

where d denotes the metric on K. If f = T~1q, then by (11)
1

|f(5)|zm

for each s € Q. Slnce [|171] = ll¢l] = 1, there exists sy € @ such that |f(so)| = 1.
Therefore, W = 1 which 1mphes that tg = ¥(so).

Finally, suppose that {s,} is a sequence in @ converging to sq, g € C(K)
and Tf = g. Since |g(¥(sn)| = |f(sn)| for each n and f is continuous, we
have |f(sn)| = |f(so)] so that |g(¢(sn))] = |g¢(¢(s0))| for every g € C(K).
By choosing g defined by g(t) = d(¢,¢(s0)), we obtain

d(t(sn), (s0)) = lg((sn))| = 19(¢(s0))] = 0

from which we conclude that ¢(s,) — % (sg). This shows that ¢ is continuous
and since ) 1s compact and K is Hausdorff, ¢ must in fact be a homeomor-
phism. Hence @ and K are homeomorphic and if we let ¢ = /~!, we get from
(11) the characterization of U given by (9).

O
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6 1. BEGINNINGS

1.2.3. COROLLARY. (Banach) If T is a surjective linear isometry on
C(Q) where Q is compact and metric, then

Tf(t) = h(t)f (1))
where |h(t)] = 1 and ¢ is a homeomorphism of () onto itself.

We note that the statement in Corollary 1.2.3 gives the characterization
of all surjective linear isometries on the given Banach space and it is this type
of result that is the primary subject matter of this book. It is also important
to see that Corollary 1.2.3 describes the symmetry group of the unit ball of
the given space C'(@), in the language given in the introduction, and that the
elements of the symmetry group have the canonical form as given by (1). Of
course, the space £°°(2) discussed there is simply C'(Q) where @ is the set
{1, 2} given the discrete topology.

Banach’s characterization then is truly the first attack on the general
problem of identifying the symmetry group of the unit ball of a given Banach
space; that is, characterizing the surjective, linear isometries on the space.

The proof of Banach’s theorem uses in an essential way the assumptions
that U is both linear and surjective. The surjective hypothesis will be invoked
often (but not always) in remaining chapters, and the type of isometries of
interest to us are the linear ones, so that we could have included the words
“linear isometries” in the title. That the restriction to linear isometries is not
really a serious defect 1s the subject of the next section.

1.3. The Mazur-Ulam Theorem

In our discussion of the isometries of the plane we noted that the orthogo-
nal group consisted of linear transformations. Any linear transformation must
fix the origin and any isometry U on a normed space X can be “shifted” so
that it fixes the origin; just consider V. = U — U(0). Tt is a remarkable and
useful fact, then, that any surjective isometry on a real normed linear space
which fixes the origin must be linear.

To begin the discussion of the proof of this fact, let us introduce some
notation and state a couple of lemmas. If x,y are elements of a nl.s. X,
let Hy = Hy(z,y) denote the set of elements u € X such that ||z — u|| =
lly —u|| = %Hx —y||. For n =2,3,..., let H, be the set of u € H,,_1 so that
[|u—v|| < %5(Hn_1) for v € Hy,_1. Here, §(H,_1) denotes the diameter of
H,,_1 which 1s, of course, the supremum of the distances between pairs of its
elements. Clearly, §(H,) < %Hl‘ — y|| for each n. Hence, the intersection
of the H, 1s either empty or consists of exactly one element which 1s called
the (metric) center of the pair z,y.

1.3.1. LEMMA. (Mazur-Ulam) If z,y are elements of a n.l.s. X, then
%(x +y) is the center of the pair z,y.

© 2003 by Chapman & Hall/CRC



1.3. THE MAZUR-ULAM THEOREM 7

PrROOF. For each v € X let ¢« = v +y —u. If u € Hy(z,y), then
@ — 2|l = [ly — ull and [|a — y|| = ||+ — u]| so

- - 1
lla =l = |l = ol = 5lle —yll

because u € H;. Assume that @ € H,,_; whenever u € H,,_; and let u € H,,.
If v € H,_1, we have

- . 1
2 —vl] = Iz +y—v) —ul| = [0 — || < 50(Hn-1)

since v € Hy_1 and w € H,. Therefore, u € H, as well and the upshot is
that, by induction, for each positive integer n, u € H,, whenever u € H,,.

Next we show by induction that z = %(x +y) € H, for each n. First
we see that z € Hy since ||z — #|| = %Hx — y||. Assume that z € H,,_; and
u € H,_1. Thus u € H,_; by what we proved earlier and

20z = ull = llz +y = 2ull = [la = ul] < 6(Hn-1).

Hence, ||z — u|| < %5(Hn_1) and we have z € H,,. The conclusion is that
z € N H,, and so is the center of z,y.

O

If 7" 1s an isometry from a n.l.s. X into a n.l.s. Y, then T" obviously maps
Hy(x,y) into Hi(Tx, Ty), since

1 1
17w = Tal| = [Ju x| = glle = yll = STz — Tyl
and similarly for ||Tw — T'y||. This requires no linearity nor surjectivity for 7'.

1.3.2. LEMMA. IfT is a surjective isometry from X onto Y, then T maps
the center of any pair x,y in X to the center of the pair Tx, Ty inY .

PROOF. Since T' is a surjective isometry, it is clear that T(H(z,y)) =
Hy(Tz, Ty) and §(Hi(z,y)) = §(H1(Tx,Ty)). If we assume this holds for
Ho_1(Tx, Ty), then for u € Hy(z,y) and w € H,,_1(Tx, Ty), we have w = T
for some v € Hy,_1(x,y) while

1 1
T =Tl = llu = vl < S6(Hn-1(e,5)) 58(Ha (T2, Ty)).

Therefore, Tu € Hp(Tx,Ty). Similarly, if w € Hy(Tx,Ty), then w = Tu
for some u € Hy,(x,y). Thus by induction, T(H,(z,y)) = Hn(Tz,Ty) for
every positive integer n. By Lemma 1.3.1, %(x +y) € Hy(z,y) for every n
and it follows from the statement above that 7' (%(1‘ + y)) € Hy(Tx, Ty) for
every n. Hence T’ (%(1‘ + y)) is the unique element of NS, H,,(T'z, Ty) which
is %(Ta: + Ty) by Lemma 1.3.1 again. O

1.3.3. LEMMA. If T is an isometry from a n.l.s. X onto a n.l.s. Y (real
or complex), then

() T(x +y) =Te+Ty—T(0),
(il) T'(sz) = sTx + (1 — s)T(0) for all real numbers s.
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8 1. BEGINNINGS

Proor. If z € X, then from Lemma 1.3.2, we have

T(2) = T(%(?x +0) = %(T(?x) +7(0))

so that

(12) T(2z) = 2T (x) — T(0).

Now applying 1.3.2 again, T'(z + y) = T(%(?x +2y)) = %(T(?x) +T(2y)) and
a double application of (12) yields (i) above.

Using (i) it is easy to show by induction that (ii) holds for all positive
integers. Since

T(0) = T(2z + (=22)) = T(2z) + T(~2x) — T(0)

we conclude that (ii) holds for s = —1 and therefore for any integer n. Upon
applying (i) to T(z) =T (n%) we get that (ii) holds for all rationals and the
extension to real follows from the continuity of 7. O

1.3.4. THEOREM. If T is an isometry from a n.l.s. X onto a nls. Y
such that ||Tz|| =1 for every x € X with ||z]| = 1, then T'(0) = 0.

PrOOF. Suppose z € X and Tz = 0. Then
170 = [|Tz = TO|| = [|= — Ol = [|=]].
Suppose z # 0. By hypothesis and Lemma 1.3.3((ii)),

1 1
=l )=
] ]

1]
from which it must be concluded that ||z|| = 2. However, we must also have
1 1
|7 ()] = [+ o
1] 1]
which is absurd. Therefore z = 0, and the theorem 1s proved. |

1.3.5. THEOREM. (Mazur-Ulam) If T is an isometry from a n.ls. X
onto a n.l.s. Y, and if T(0) = 0, then T is real linear.

ProoOF. The proof is immediate from Lemma 1.3.3. |

The assumption of surjectivity in the above theorem is necessary as can
be seen from the following easy example.

1.3.6. EXAMPLE. (Figiel) Let X = R with the absolute value norm and
Y = £°(2,R). Then U(a) = (a,sina) defines a nonlinear isometry from X
into Y with U(0) = (0,0).

In order to remove the surjectivity assumption, we must put a condition
on the range space. Recall that a normed linear space is strictly convex if
[l + yl| = ||=|| + |lyl| implies that x,y are linearly dependent, and in fact,
z =ty for some t > 0.
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1.3. THE MAZUR-ULAM THEOREM 9

1.3.7. LEMMA. (Baker) If Y is a normed linear space which is strictly
conver and x,y € Y, then Hy(x,y) is a singleton (and therefore consists of
3(z+y).

ProoF. We have already seen that %(x +y) € Hi(z,y). Suppose u, v €
Hi(x,y). Then

1 1
=l =+ 2@ -
< (1/2)l|lz = wl|l + (1/2)||= = ]

S/l — ol + 5 (1/2) 2 — )

(13 e (uto)l

1
= Slle =yl

Similarly, ||y — (1/2)(u + v)|| < %Hx — y||. If either inequality above is strict,
then
lz = oll < llz = (1/2)(w+ V)| + [Jly = (1/2)(u+ v)l| <[lz = yl|.

From this we can see that the inequalities must be equalities and

1(1/2)(& — ) + (1/2) (2 = v)|| = %Ill‘— yll = [1(1/2) (2 = w)l| + [|(1/2) (z — v)]].

By the strict convexity, (# —u) = t(z — v) for some ¢ > 0 and since ||z — u|| =
[|x — ||, we have ¢ = 1. Tt follows that u = v.

O

1.3.8. THEOREM. (Baker) If T is an isometry from a real normed linear
space X into a strictly convex, real normed linear space Y such that T(0) =0,
then T 1s linear.

ProoOF. For z,y € X, we have seen that (1/2)(x +y) € Hi(x,y) and
T((1/2)(x +y)) € Hi(Tx, Ty). However, %(Ta: + Ty) € Hi(Txz, Ty) which is
a singleton by Lemma 1.3.7. Hence,

1
T((1/2)( + ) = 3 (Te +T9)
and the proof is completed as in the proof of the Mazur-Ulam Theorem. O

It can be seen that if Y is not strictly convex, then there is a normed
linear space X and a nonlinear isometry 7" from X into ¥ such that 7'(0) = 0.
In fact, we can take X = R and if v and v are linearly independent, norm-one
vectors in Y with ||u + v|| = ||u]] + ||v]|, define T by

tu, ift <1,
T) = o,
u+ (t—1)v, ift>1.

The extension of these results to get complex linearity is not possible
since the isometry Uz = Z is not complex linear on C. This simple operator is
conjugate linear but the equally simple operator T'(z1, 22) = (#1,7%z) is neither
linear nor conjugate linear on C2.
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10 1. BEGINNINGS

1.4. Orthogonality

Isometries on Hilbert spaces preserve the inner product and they preserve
orthogonality. Although these notions are not so natural in the Banach space
setting, they can be defined and we want to see how they relate to isometries.

1.4.1. DEFINITION. (Lumer) A semi-inner product (s.i.p.) on a complex
vector space X is a complex valued form [-,-] on X x X to C which satisfies
(1) [z,2] >0 ifx #0,
(i) [ax+ By, 2] = oz, 2]+ Bly, 2] fora, € C, x,y,z € X,
(iti) |[z, y]|* < [z, 2][y, y] for all z,y € X.

It can be shown that ||z|| = [z, «]'/? defines a norm on X (with respect
to which the s.i.p. is said to be compatible) and conversely, if || - || is a norm
on X there is a s.i.p. on X which is compatible with the norm. This follows
from the Hahn-Banach Theorem which guarantees the existence of duality
maps © — ¢, which satisfy ||¢z|] = ||2|| and ¢, (x) = ||z||?, where ¢, € X*.
The functional ¢, is called a support functional. Such a duality map gives a
s.1.p. by means of the formula

Of course, such maps are not unique and so there may be many semi-inner
products compatible with a given norm. It is always possible to choose a
semi-inner product which satisfies

[s, Ayl = ALz, 9.
1.4.2. DEFINITION. (James) In a normed linear space (X, ]| -||), an ele-
ment © is said to be orthogonal to y (written x L y) if
[|lz|] < ||+ Ayl|| for all scalars A.

1.4.3. PROPOSITION. (Giles) If [-,-] is a semi-inner product compatible
with the norm of X, then [y, 2] = 0 implies that L y.

PrOOF. Let X be a given scalar. Then
2]* = [z, 2] = [ + Ay, ] <[] + Aylll]«]
so that ||z]] < ||z + Ayl|. O
The converse of the proposition is not true. For example, if = (1,1)
and y = (0,1) in £°°(2), then z is orthogonal to y but [y, z] = 1/2 where the
semi-inner product is defined by
nwr i 2] > [eal;
[y, 2] = QyoT2  if 2] < |aaf;
%yw_l if || = |22
assuming # = (#1,22) and y = (y1, y2)-

We should note that in general if © L y, there is a s.1.p. compatible with
the norm such that [y, ] = 0, but this choice of s.i.p. depends on the vectors
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1.4. ORTHOGONALITY 11

z,y. Thus we get a converse of sorts, and, in fact, the real thing when X is
smooth.

1.4.4. PROPOSITION. If x,y are elements of a n.l.s. X and © L y, then
there is a s.i.p. [-,-] compatible with the norm such that [y,2] = 0. If X is
smooth, then © L y if and only if [y, ] = 0 where [-,'] is the unique s.i.p.
compatible with the norm.

ProOOF. Suppose # L y. Then there is a linear functional f defined on
the span of x and y such that f(z) = ||z[|? and f(y) = 0. For any scalars a, 3,

4
|flaw + By)| = lolll2]l” < lelllzllllz + Zull = llz(lllex + Sy

Hence ||f|] < ||#|| and it follows that ||f|| = ||#||. By the Hahn-Banach
Theorem there exists z* € X* with ||«*]] = (||f|| = ||«||, «*(y) = 0 and
z*(z) = ||z]|*>. Let ¢ be a duality map such that ¢(z) = «*. Then the s.i.p.
determined by ¢ satisfies the conclusion of the proposition.

If X 1s smooth, then there is only one duality map from X to X*, hence
only one s.1.p. compatible with the norm and it has the desired property. 0O

1.4.5. THEOREM. (Koehler and Rosenthal) Let X be a normed linear
space and let U be a linear operator mapping X into itself. Then U s an
isometry if and only if there is a semi-inner product [-, -] such that [Uz,Uy] =

[z, y].

Proo¥. The sufficiency of the condition [Ux, Uy] = [z, y] for U to be an
isometry is trivial upon taking ¢ = y.

On the other hand, if U is an isometry, let [-, -] be any semi-inner product
and note that for any x,y € X,

(U7, U™ y] < [JU 1T Y]] = [l[l[]4l]

so that {[U"z,U™y]} is a bounded sequence of scalars. Let F' be a linear
functional of norm 1 on £°° such that (i) F((1,1,...)) = 1 and (ii) F((zn)) =
F((zn41)) (i-e., F is a Banach limit whose existence is given by Banach [21,
p.34]). Then define

([, 4]} = F{[U"2, U"y]}).

The properties of F' guarantee that [[z,y]] defines a semi-inner compatible
with the norm and [[Uz, Uy]] = [[#, y]] follows by property (ii) of F. O

In a Hilbert space it is easy to see that a linear isometry must preserve
orthogonality because it must preserve the inner product. Conversely, a non-
zero linear operator T on a Hilbert space which preserves orthogonality must
be a positive multiple of an isometry. To see that, suppose first that = is a
nonzero element of a Hilbert space X with inner product (-,-) and let y be
any nonzero element for which Ty # 0 and such that (z,y) # 0. Let o £ 0
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12 1. BEGINNINGS

be such that (z + ay,y) = 0. If Te = 0, and since T preserves orthogonality
we get that

a{Ty, Ty) =0

from which we conclude o = 0 and (z,y) = 0 contrary to assumption. Hence
Tz # 0 whenever  # 0. Now suppose z,y are any two nonzero elements
of X which are not orthogonal. Again choose a so that {x + ay,y) = 0 and
therefore (Tw 4+ oTy, Ty) = 0 by the given property of T". The conclusion is
that

@y T Ty
vy (Ty Ty
Thus
(14) (Ty,Ty) _ (T'z,Ty)

(v,9) (z,y)
and by interchanging the roles of # and y in (14) we get

(Te,Te)y (TyTx)y (Tx,Ty) (Ty,Ty)

(w, @) (y,2) (z,y) (vy)
or
(15) (Tx, Tx) _ (Ty, Ty)
(z,2) (v,9)
If {(&,y) = 0, choose z # 0 which is orthogonal to neither and apply (14)
to the pairs #, z and z,y to conclude that (15) holds for all pairs #, y which

are not zero. From this, it follows that if we fix y and let

(y, )

1
then ||Tz|| = r|||| for all # € X so that U = =T is the desired isometry.

This argument makes heavy use of the p?operties of inner products and
does not carry over to the Banach space case. Yet there 1s a germ of an
idea here which Koldobsky has exploited to obtain the result, at least for real
Banach spaces.

1.4.6. THEOREM. (Koldobsky) Let X be a real Banach space and T a
linear operator on X to itself which preserves orthogonality. Then T = rU
where r € R and U 1s an isometry.

To explain the proof of this theorem we must first introduce some notation
and observe some facts. If x and y are given elements of a normed linear space
X, then continuity of the norm guarantees that there is at least one a such
that x4+ «y is orthogonal to y since ||x +ry|| must attain its minimum value for
some scalar o. However, such « is not necessarily unique and the convexity of
the function & — ||z + ay|| (and the continuity) implies that the set A(x,y)
of all & such that (z + ay) L y is a closed, bounded interval [a, b], in the case
where X is a real Banach space.
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1.4. ORTHOGONALITY 13

It is useful to note here that if T is a linear operator which preserves
orthogonality, and # # 0, then Tz # 0. For if Tz = 0, one can find y with
Ty # 0 and  not orthogonal to y. There exists o # 0 such that y is orthogonal
to ¢ + ay and so Ty must be orthogonal to itself which is not possible.

For a nonzero x in X, let

D(z) ={x" € X" :[la7]| =1, «™(x) = ||=[|}.
Then for every y € X,

(16) lim

a—0+

let ol =lell _ supiariy) : 0° € DIo))

and the corresponding limit as a — 0~ is given by
inf{z"(y) : " € D(2)}.

Hence, the function ¢ defined on R by ¢(«) = ||o + ay|| is differentiable at o
if and only if 23 (y) = 2%(y) for every o7, 2% € D(x + ay). Finally, we observe
here that if z,y are linearly independent, the function ¢ is convex on R and
so differentiable almost everywhere with respect to Lebesgue measure. Let
Dy (z,y) denote the set of all o at which ¢ is differentiable; then R\ D, (z, y)
is of measure zero.

It is convenient to state and prove some lemmas which are due to Koldob-
sky.

1.47. LEMMA. Ifa € D,(z,y) and 3,7 € R, then
() ||z + ayl] = ||z + ay|| for all « € A(z,y) = [a, b].
(i1) The number x*(Sx + vy) does not depend on ™ € D(x + ay).
(i) « + ay L fx + vy if and only if *(Bx + vy) = 0 for every z* €
D(z + ay).
(iv) Either x + ay L y or there exist a unique number f(a) € R such that
rtay Lz— fla)y.

PRrROOF. (i) As we observed above, if # + ay L y, then ||z 4+ ay|| is the
minimum value of ||# + ry|| for r € R, hence is the same for all such a.

(i1) We have already seen that z*(y) is the same for all z* € S(z + ay).
Since

v*(z) = 2" (2 + ay) —ax’(y) = [le + ay|| - ax™(y),

we see that this number is also independent of #* € S(# + ay) and therefore
o 18 the linear combination Sz + yy.

(iii) If « + ay L Bz + vy, then by (16),

sup  x"(fr +vy) :limr_>0+(||x—|—ozy—|—7°(ﬁx—|—’yy)||) >
z*€S(c+ay) r

0

and similarly,

inf a*(fr+vy) <0.
z*€S(c+ay)
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14 1. BEGINNINGS

It follows from ((ii)) above that
sup 2" (Br 4+ vy) = inf " (fz +vy) = 0.
If % (Bx + vy) = 0 for every z* € S(x + ay), then
(x4 ay +r(Bz +yy)) = 2" (2 + ay) = ||z + ay|]
for every r and since ||z*|| = 1, we have x 4+ ay L Bz + vy.

(iv) Let z* € S(z + ay). If #*(y) = 0, then x + ay L y by (3) above.
Otherwise, z + ay L » — Py if and only if x'(x — fy) = 0 so we may choose
B = fla) =a"(x)/2"(y). -
As previously observed, the set A(z,y) of all & such that x +ay L yis a
closed interval which we denote by [a, b] in the lemma below.

1.4.8. LEMMA.

(i) For every a >b, ||lz+ ay|| = ||z + byllexp (fba(t + f(t)) 7 dt).
(i) For every a < a,

|z + ay|| = ||z + ay||lexp (—/ (t —I—f(t))_ldt) .

Proor. (i) If @ € D(z,y) with & > b and z* € S(x + ay), we have
¢ (x) = f(a)z (y) and z*(y) = ¢'(a) where ¢(a) = ||z + ay||. Then
2*(2) = 2" (z + ay) — az™(y) = [ + ayl| — o' (@)

which leads to

' (o)
fobag] ~ @ F )7

Now the set R\ D(z,y) has Lebesgue measure zero, and we can write
(a4 ! t (a3 )
/ SD(;)dt:/ (t+ f(t))~tdt for every a > b.
s p(l) b

The function o — In () satisfies a Lipschitz condition and is absolutely
continuous. Hence

In p(a) — In o(b) = /ba ‘;((f)) dt = /:(t + )

from which we obtain
o+ il = e+ buleap [ (¢4 70"
The proof of (ii) is similar. O
We are now ready to give the proof of Theorem 1.4.6.

PrROOF. We assume that 7' is a nonzero operator on X which preserves
orthogonality. Let # be such that Tz # 0 and suppose y is any element of X
so that « and y are linearly independent. Since T preserves orthogonality, it
is clear that A(z,y) is contained in A(Tz,Ty). Suppose a € A(Tx,Ty). If
o € A(z,y), then by Lemma 1.4.7(iv), there exists f(a) such that r + ay L
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1.5. THE WOLD DECOMPOSITION 15

z—f(o)yand so Te+aTy L Te— f(a)Ty. If 2* € S(Tx +aTy) we have by
Lemma 1.4.7(iii) that #*(Ty) = 0 and #*(Tx — f(«)Ty) = 0 so that we must
conclude that

0=2a"(Te+ aTy) = ||Tz + ay||.

This is not possible since z+ay is not orthogonal to y and therefore T'(z+ay)
cannot be zero. The contradiction requires us to conclude that A(z,y) =
A(Tz,Ty) so that the numbers a,b and the function f(«) are the same for
both pairs (z,y) and (Tz, Ty).

As we know from Lemma 1.4.7 (i), there are constants ¢1, ¢z such that
[l + ay|| = ¢1 and ||Tz + aTy|| = ea for o« € [a,b]. Tt now follows from
Lemma 1.4.8 that ||Tx + aTy|| = z—fo + ayl| for every @ € R. For o = 0
we get [|Tz]| = z—f||x||, for a > 0 we have | % + Tyl = z—fH% + 9|, and as

a — oo we get ||Ty|| = z—f||y|| Hence, JJ”TTx”U = “”Tﬁu for every z,y # 0 and the

conclusion of the theorem follows.

O

1.5. The Wold Decomposition

A linear isometry on a Hilbert space which is surjective is called a unitary
operator and this term is sometimes used to refer to surjective isometries on
general Banach spaces. It is a well known fact that every isometry on a
Hilbert space can be written as a direct sum of a unitary operator and copies
of the unilateral shift. A proof of this result makes use of the fact that if V
is an isometry on H, then M = NV"™H reduces V' and the restriction V|M is
unitary. If L is the orthogonal complement of V(H), then V restricted to the
closed linear span N of the subspaces V(L) is a direct sum of copies of the
unilateral shift and H = M ® N. The multiplicity of the shift is the dimension
of L.

This decomposition, sometimes referred to as the Wold Decomposition,
lays bare the structure of all isometries on Hilbert spaces. Of course, the
unitary operators are numerous and completely determined by pairings of
orthonormal bases, while the structure of unilateral shift operators is also well
understood. In the Banach space setting, isometries which are not surjective
often present difficulties; and if the goal is to find a crisp description such as
the canonical form, the search 1s often restricted to the surjective case.

In some instances, a type of Wold Decomposition can be obtained and
we want to say a little about that here. The given development is the work
of Campbell, Faulkner, and Sine.

1.5.1. DEFINITION. Let V' be an wnjective linear map on a Banach space
X. Then V 1s said to be a unilateral shift provided there is a subspace L of X
for which X = @5V (L). That is, X is the direct sum of the spaces V" (L).
The subspace L is referred to as a wandering subspace and the dimension of
L 1s called the multiplicity of V.
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16 1. BEGINNINGS

1.5.2. DEFINITION. An isometry V of a Banach space X 1is said to be
a Wold isometry provided X = Mo, & Neo where Moo = NPV™(X) and
Neo = 5207 ®&V™(L). Here, the space L is a complement for the range of
V, and N is written as a Schauder decomposition. (This means that each
element ¥ has a unique representation as v = y . x, where x, € V"(L).)
Note that 'V restricted to Mo, 1s a surjective isometry while V restricted to
Noo ts a shift.

Suppose V' is an isometry on X and V(X) is complemented in X. Let
L denote a complement of V(X) so that X = V(X) & L, and suppose P is
a bounded projection from X onto V(X). Let P, = VP V=P and if P,
has been defined, let P,41 = VP,V~1'P,. The inductively defined sequence
{P,} is an abelian family of projections with Pj projecting X onto V*(X)
and annihilating L & V(L) ® V(L) @ --- @ VF~1(L). This sequence will be

referred to as a sequence of projections associated with V.

1.5.3. THEOREM. (Campbell, Faulkner, and Sine) Let V be an isometry
of a reflexiwe Banach space. If the range of V is complemented and V has
a uniformly bounded associated sequence of projections, then V is a Wold
1sometry.

ProOOF. Let X denote a reflexive Banach space and V' and isometry on
X as described in the hypotheses. Let L and {P,} be as described above.
Then we are assuming that there is some real number b > 0 so that ||P,|] < b
for every n. Let My = NPV (X) and Noo = &V ™ (L) where L denotes the
complement of ¥V (X) and the null space of Py.

If 2 € X, then @ = Pyx + (I — Py)a for each n and {P,z}, {(I — P,)z}
form bounded sequences. By the Eberlein-Smulian Theorem [89, p.430], there
exist g, yo which are weak limits of a subsequence of {P,z} and {(/ — P,)z}
respectively so that # = xg + yo. For a given n, Py(z) € V™ (X) for all &
sufficiently large and V"(X) is weakly closed so that xq € V™(X). Therefore
g € Mo and since (I — Py )z € No for each n, yg € N

Next we see that if € My N No, then we can choose a sequence {ng}
of integers with the property that z,, € L + V(L) + ---+ V™~1(L) and
zp, — x. It follows that P, (# — #y,) = « and ||Py(z — 2, )|| < bl|en, — 2||.
Hence z = 0 and we conclude that X = M., @& N,. The final piece is to see
that No, can be written as a Schauder decomposition Y .~ &V"(L).

If y € No, then y can be approximated by elements from L+V(L)+---+
V7=Y(L) and P, annihilates such elements. From this we see that P,(y) —
0 and since (I — P,)(y) = g_l(Pk(y) — Pry1(y)) we may conclude that
y=> 0o (Pi(y) — Pet1(y)) where Pe(y) — Pra(y) € V#(L) for each k. This
expansion is unique because if z € V*(L)NVJ (L) with 7 < j, then 0 = P;(z) =
zZ. |

An isometry whose range is 1-complemented is said to be orthocomple-
mented. The language reflects the fact that there 1s a projection P from X
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1.5. THE WOLD DECOMPOSITION 17

onto V(X) of norm 1, if and only if V(X)) L (/ — P)(X) in the sense discussed
in Section 4. Hence, in this case, for every z,y € X, V(y) L (z — Px).

1.5.4. COROLLARY. IfV is an orthocomplemented isometry on a reflex-
we Banach space, then V s a Wold isometry.

Of course not every isometry is complemented, and complemented isome-
tries need not be orthocomplemented. However, in the case of the LF spaces,
something can be said.

1.5.5. COoROLLARY. Let (0, X, 1) be a o-finite measure space. If V is an
isometry on LF (2, 1) (1 < p < 00), then V is a Wold isometry.

PRrRoOF. By a result of Ando [9], every isometry on LP is orthocomple-
mented. |

We close this section with a pair of examples which exhibit Wold decom-
positions.

1.5.6. EXAMPLE. Let X = LP[0,1] where 1 < p < co. Define V : LP —
LP by Vi) = f(e(t)) where

2, if0<t<1/2;
p(t) = ,
22 if1/2<t<1.

Then V is a linear isometry which is not surjective.

It is straightforward to verify that V' is indeed an isometry. However, g
is in the range of V if and only if g(t) = ¢(1 —t) for all ¢ € [0, 1]. Hence V' is
not surjective and we want to describe its Wold Decomposition.

One interesting way to describe this isometry is in terms of its action on
the Walsh functions which form a complete orthonormal system in LP. Recall
that the Rademacher functions {r,(t)} are defined by

ro(t) = sign (sin 2" nt) fort € [0,1].

Thus 71(t) is 1 on (0,1/2) and —1 on (1/2, 1), while r5(¢) is 1 on (0,1/4) and
(1/2,3/4) and —1 on (1/4,1/2) and (3/4,1). The pattern for the rest should
be clear. We let ro(t) = 1. The Walsh functions wy are given by wy = g and
Wet1 () = roy+1(E) Taog1(t) o rp g (t) where B =271 4272 4 ... 4+ 97N for
integers ny > ng > ...nxy > 0. It will be helpful later to denote the number
N above as d(k).

Now our isometry V takes the product of two functions to the product
of their images and it is not too hard to see that Vr, = rpyir for every
n > 1. These two properties, together with the fact that an even power of
any Rademacher function is identically one, make it possible to establish the
following lemma.

1.5.7. LEMMA.
(i) If k> 1 and d(k) is odd, then V(wr11) = wa(r41)-
(i) If k > 1 and d(k) is odd, then wi41 ts not in V(X).
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18 1. BEGINNINGS

(i) If k > 1 and d(k) is even, then V(wi41) = Wapy1.
(iv) If k > 1 and d(k) is even, then

Vwggay2 of kis even;
Wg41 = . .
Vwggry2 of kis odd.
Let us now give the proof that V has a Wold Decomposition.

Proor. If we let
L = sp{wi41 : d(k)is odd} = 5p{ws, ws, ws, ws, we, wia, ...},

then L is a complement for V(X). The product of an even number of
Rademacher functions is a Walsh function which is in V(X) and the prod-
uct of two elements in V(X) must also be in V(X). The unique semi-inner
product on LP which is compatible with the norm is given by

|fIP—2
0= T\
(We are assuming the real case here.)
If r, is any Rademacher functlon then r,(t) = —rp(1 —¢) and if f €
V(X), then
1 _
_ FO] s
ol = [ ot ||f||” R S
e lror=2 FOls
= DO F() L
/0 T+ 00 s
ViR, S0 9P
_ d L1 —s)f(1—s) 0 = 7y
: =Ry MRS vt

0

so that f L r, by Proposition 1.4.3. If wiy; is a Walsh function with d(k)
odd, then wg4+1 = wr, where w is a product of an even number of Rademacher
functions. Then for f € V(X), wf € V(X) and [wiy1, f] = [rn,wf] = 0 so
that f L wgy1. We conclude that V(X) L L and so by the remark preceding

Corollary 1.5.4, there is a projection P from X onto V(X) along L of norm
1.

The corollary says that V is a Wold isometry. It is easy to see by induction
that V"7, = 747y for each n and k from which one can conclude that
the only Walsh function in My, = N°V™(X) is wy. Thus M., = sp{w},
N =L@ V(L)® ..., and V splits into the identity on M., and a shift of
infinite multiplicity on N . O

1.5.8. EXAMPLE. Let X be any of the spaces £, (¢), (co). Define V on
X by V(ey,as,...) = (a1, 01, 09,...). Then V is an isometry and V(X) is
all those sequences © = (o) for which a1 = ay. Thus V is a Wold isometry
m case X = cg or X = ¢, but not when X = £,
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1.6. NOTES AND REMARKS 19

Proor. If L = sp{(1,0,0,...)}, then X = V(X)L and P(oy,aa,...) =
(g, g, v, ... ) is a norm one projection from X onto V(X) along L. From
the definition of V it is clear that any element in NV™(X) must be a constant
sequence. If X = (¢g) then Mo, = {0} and (¢g) = L & V(L) @ --- so that
V is a pure shift (which shifts a basis for (cp)). If X = (¢), then My =
sp{(1,1,1,...)} and Noo = LB V(L)@ --- = (cp). Here V is the sum of
the identity on M., and a basis shift on N.,. Finally, if X = ¢°°, we have
a breakdown since M., is still just the constant sequences while Mo, @ (L &
V(L)@ ---) does not give all of £=°. O

1.6. Notes and Remarks

According to J.L. Coolidge [79, p.273], the earliest proof of the charac-
terizations of “transformations which keep distances invariant in the plane
as rotations, translations, or a product of one of these and a reflection in a
line” was given by Chasles [66]. However, Coolidge believes it must have
been known much earlier since the three dimensional version was studied by
Euler [96]. Although we have suggested that Banach was the first to describe
isometries in the sense that 1s the focus of this current work, Banach himself
[21, p.241] says that, “The oldest known example of an isometry between
spaces of type B is the one, between L? and £, which was obtained by Riesz-
Fischer and Parseval-Fatou.” In fact, the first characterization of isometries
on a particular space may have been by I. Schur [281] in connection with
matrix spaces.

The group point of view has been considered by a number of authors.
Most closely related to our discussion in the introduction is a paper by Put-
nam and Wintner [259] which studies the orthogonal group in Hilbert space.
Another interesting paper by Stern [294] characterizes groups which are iso-
morphic to the group of linear isometries on some Banach space.

We want to mention here some references in which the author or authors
give a survey of the characterization of isometries in some setting. Included
are books by Behrends [23] and Jarosz [147], a paper of Jarosz and Pathak
[151], and the Ph.D. thesis of Loomis [201]. There is also the book of Lacey
[191] which is concerned with isometric theory, but the purpose and focus of
that book is somewhat different from that of the current volume.

Banach’s characterization of isometries on C(Q). Theorem 1.2.2
(or Corollary 1.2.3) is the original version of what has since been called the
Banach-Stone Theorem. Stone proved the Theorem in the case where the
spaces ) and K are assumed only to be compact and Hausdorff [295]. If
C(Q, E) denotes the space of continuous functions from a compact, Hausdorff
space ) into a Banach space E, then F is said to have the Banach-Stone
Property if the conclusions of Theorem 1.2.2 hold for isometric isomorphisms
from C(Q, F) to C(K, E). Thus Stone showed that the real numbers have the
Banach-Stone Property. Jerison [153] was the first to consider the question
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20 1. BEGINNINGS

for more general Banach spaces E. These issues are discussed fully in later
chapters.

Theorem 1.2.2 and/or its Corollary 1.2.3 have been proved in a number
of ways and by all of the principal methods that are used to find isometries
in Banach spaces. Banach’s method of using the directional derivative of the
norm to 1dentify peak points of functions has not appeared often in the works
of other authors. Sundaresan [298] has proved a generalization of Lemma
1.2.1 and used it in a proof of a Banach-Stone Theorem for spaces C(Q, E),
but not in a direct way to find the homeomorphism as Banach did. Okikiolu
[240] used differentiation of norms to determine isometries in LP-spaces. W.
Werner [320] used a differentiability property to characterize isometries on
C*-algebras. This will be treated in some detail in Chapter 6.

Eilenberg [92] discusses Banach’s proof, showing that it is necessary to
know that each point of @ is a G5 set. FEilenberg actually obtains the result
under the assumption that () and K are completely regular and satisfy the
first axiom of countability. The reference to Theorem 1.2.2 as the Banach-
Stone Theorem in Eilenberg’s paper may be the first time it was so named.

The fact that Corollary 1.2.3 actually describes the symmetry group of
the unit sphere for C(Q) follows from Theorems 1.3.4 and 1.3.5 which guar-
antee that a symmetry of the surface of the unit ball in any normed linear
space must be a linear isometry.

Mazur-Ulam Theorem. Theorem 1.3.5 was proved by Mazur and Ulam
[219] in response to a question raised by Banach. Our organization is a bit
different, but the key result is Lemma 1.3.1. The proof we have given for that
lemma is essentially that given by Banach in his book [21, p.166]. We have
added some details by means of Lemma 1.3.2 and Lemma 1.3.3. We have
stated Theorem 1.3.4 in order to emphasize the connection with the notion
of symmetry groups and the fact that preservation of even the surface of the
unit sphere by an isometry (i.e., a symmetry of the sphere) guarantees it must
be linear.

Banach gave the name rotation to an isometry which fixes a point, so by
the Mazur-Ulam Theorem, every rotation, indeed every isometry, is a translate
of a linear isometry.

The following conjecture appears in Mankiewicz [210] but the question
was first raised by Banach [21, p.241].

1.6.1. CONJECTURE. If (X, d) is a linear metric space, then every isom-
etry T' from (X, d) onto an arbitrary linear metric space (Y,d') with T(0) =0
15 linear.

Thus Mazur and Ulam have established the conjecture when X and Y are
normed linear spaces. Charzynski [65] showed that (1.6.1) holds when (X, d)
is finite dimensional, and Mankiewicz [209], [210] showed that the conjecture
is true if (X, d) is a locally convex Montel space or if X is locally convex and
satisfies the strong Krein-Milman property.
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Charzynski’s proof is considered to be very difficult [209], [268] but he
did show that the conjecture must hold in the general case if it holds when
X =Y. Wobst [322] has given a simpler proof of Charzynski’s theorem.

Rolewicz [268, Theorem 9.3.12] established the conjecture (1.6.1) under
the assumption that X and Y are locally bounded spaces with the properties
that the functions d(tz,0) on X and d'(ty,0) on Y are concave for each ¢. His
proof follows the lines of Mazur-Ulam but is adjusted to reflect the lack of
homogeneity in the “F-norms” d(z,0), d'(z,0).

Ratz [265] has generalized the Mazur-Ulam Theorem in another direc-
tion, to vector spaces furnished with a nondegenerate symmetric bilinear form.

Lemma 1.3.7, Theorem 1.3.8 and the example following the proof of the
theorem are due to J.H. Baker [20], whose paper is often overlooked in other
discussions of the non-surjective case. Theorem 1.3.8 or close relatives are
mentioned in Edelstein [90], Bosznay [43], Wells and Williams [319, Lemma
12.1], and Drewnowski [88]. In this latter paper Drewnowski, states the fol-
lowing interesting question:

1.6.2. QUESTION. Let X and Y be Banach spaces such that there exists

an isometric embedding of X wnto Y. Does there also exist a linear isometric
embedding of X into Y ?

He shows that if 7" is an isometry from a Banach space X into Cy(Q),
where ) is locally compact, then there is a closed subset K of ) and a linear
isometry Tk from X into Co(K) where Tx(x) = Tx|K. This generalizes
a result due to Holsztynski [135] and Lovblom [202]. Drewnowski’s paper
contains a number of interesting results about the question of linearity. There
is also a good discussion of the Mazur-Ulam Theorem in Day [83].

Example 1.3.6 is due to Figiel [99] who proved the following theorem
which he says was conjectured by Holsztynski and Lindenstrauss.

1.6.3. THEOREM. (Figiel) Let X and Y be two real Banach spaces and
U an isometry (not necessarily linear) mapping X into Y such that U(0) = 0.
If the linear span of U(X) is dense in'Y, then there is a continuous linear
operator I mapping Y into X such that the composition F o U 1is the identity
on X. The operator I' is uniquely determined and has norm one.

In a paper that appears back-to-back with that of Figiel, Holsztynski
[134] proves the very same theorem using ideas from category theory and a
theorem of Kaplansky [167] concerning order isomorphisms.

In the original paper, Mazur and Ulam [219] simply state that each
surjective 1sometry which takes zero to zero must be additive and so their proof
does not use the assumption that the spaces were real. As the examples show,
it 1s impossible to always get linearity in the complex case. It is tempting to
hope that one might get some kind of combination of linearity and conjugate
linearity, but examples of complex spaces not isomorphic to their complex
conjugates (Bourgain [44] and Kalton [160]) suggest that one proceed with
caution.
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Orthogonality. The notion of semi-inner product was given by Lumer
[203] who wanted to be able to bring Hilbert space type arguments to bear
in the Banach space setting. His use of this notion in his pioneering paper
[205] on the isometries of Orlicz spaces opened up a new and useful method
of finding isometries which is often referred to as Lumer’s Method. It involves
the notion of Hermitian operators on Banach spaces and the fact that UTU !
must be Hermitian if 7" is Hermitian and U is an invertible isometry. One
way of describing a Hermitian operator is by use of the s.i.p.; T 18 Hermitian
if [Tz, x] is real for all  where [-, ] is compatible with the norm. Then if U
is an isometry, the fact that U7U~! must be Hermitian is a consequence of
Theorem 1.4.5 of Koehler and Rosenthal [172]. The reader should consult
both Lumer [203] and Giles [115] for general information about semi-inner
products. The part of Proposition 1.4.4 involving smoothness 1s really Theo-
rem 2 in [115]. We will have considerable to say about Lumer’s method in a
later chapter.

In addition to Theorem 1.4.5 which we have included, Koehler and Rosen-
thal [172] investigate some spectral properties for isometries. For example,
they show that eigenvectors corresponding to distinct eigenvalues of an isom-
etry are mutually orthogonal.

The paper of R.C. James [143] is probably still the best source of general
information about orthogonality in Banach spaces. Working with this notion
in Banach spaces can be treacherous business and Koldobsky’s proof [179]
that operators which preserve it must be isometries is an impressive effort.
We ended up including nearly everything in his paper in order to make the
proof understandable. Thus Theorem 1.4.6 and Lemmas 1.4.7 and 1.4.8 are
taken from [179]. Tt is not known whether the result holds for complex spaces.

The Wold Decomposition. Our discussion of the Wold Decomposition
of a Hilbert space isometry is based on the development given by Halmos
[122]. The result in its earliest form is due to Von Neumann [313] and
in a statistical setting by Wold [323]. The earliest references to a “Wold
Decomposition” seem to be in papers of Kolmogorov [182] (see [283]) and
Doob [86]. Subsequent discussions have appeared in a number of places such
as [8], [87], [212], and [232]. Anderson’s discussion [8] may be the one to
read for those who want to see how the statistical version and Hilbert space
version compare.

The extension to the Banach space case first appeared in Faulkner and
Honeycutt [98]. This was followed by the paper of Campbell, Faulkner, and
Sine [58] which presented more powerful generalizations and a sharper anal-
ysis of the pure and unitary factors. We have lifted three results (Theorem
1.5.3, and Corollaries 1.5.4 and 1.5.5) from the latter paper. Some interesting
examples are given there as well as a look at the question of when an isometry
shifts a basis. An interesting treatment of this type of question about basis
shifting can be found in a paper of Gutek, Hart, Jamison, and Rajagopalan
[121].
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The description of the Rademacher and Walsh functions used in our Ex-
ample 1.5.6 comes from Singer [288], [289] but of course these are mentioned
in many places. In fact, the Walsh functions form a Schauder basis for L
(I < p < 00), a result mentioned in [289, p.572] and attributed to Paley
[241].

We will see that in some cases, nonsurjective isometries can be described
in the “canonical” sense given earlier, and the reader can look for these in the
work of Forelli [106], Holsztynski [133], Lamperti [193], Novinger [237], and
others.
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CHAPTER 2

Continuous Function Spaces-The Banach-Stone
Theorem

2.1. Introduction

In Chapter 1 we gave Banach’s original proof of the characterization of
linear isometries from C'(Q,R) to C'(K,R) where K and @ are compact metric
spaces. Stone improved the result in 1937 by giving the same characterization
(Theorem 1.2.2) where K and @ are compact Hausdorff spaces. Although
Stone’s proof is not a main focus in this chapter, it i1s of such historical im-
portance that we cannot resist giving at least a sketch of it here.

2.1.1. THEOREM. (Stone) If K and Q are compact Hausdorff spaces and
T is an isometric isomorphism of C(Q,R) onto C(K,R), then there is a
homeomorphism ¢ from K onto @ and continuous unimodular function h on

K such that for each f € C(Q),
(1) TH() = h)Fg (1)) for t € K.

ProOF. (Sketch) We will content ourselves with indicating how Stone
produced the A and the ¢.

For s € @, let Q(s) = {f € C(Q) : |f(s)| = ||fl|}. Then Q(s) contains all

the real constant functions and if f1, fa,..., fn are in Q(s) then for
n
g=">_Iisgnf;,
j=1

we see that ¢ € Q(s) and ||g|| = D 1|1l

If s is any fixed element in @, let F(f) denote the set of all ¢t in K
such that |Tf(t)| = ||Tf|| where f € Q(s). Given fi, fa,...fn in Q(s) and
g =Y fisgnf; as above, there must exist a t € K such that |T¢(t)| = ||T||.
However,

1Tl = [Tg(®)] <D ITHOI< I NTHI =D Wil = llgll = 1Tl

and we conclude that |Tf;(t)| = [|[UTf;|| for each j = 1,..., n. Therefore, the
closed sets F'(f) (for f € Q(s)) have the finite intersection property and since
K is compact there is at least one ¢ € K common to all. Thus T'f € K(¢) for
every f € Q(s), and U maps Q(s) into K (t) for some ¢. In the same way, 77!
maps K (t) into Q(r) for some r. In fact, we must have s = r and so there is a
one-to-one map s — t = ¢(s) which establishes a one-to-one correspondance

25
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between the sets Q(s) and K(t). The sets {s € Q : |f(s)| = ||f||} correspond
to {t € K : |Tf(t)] = ||ITf||} as do their complements which are shown to
form a basis for the topologies of () and K, respectively.

If we let ¢ = ¢p=1 and h = U1, then (17) follows after certain manipula-
tions, which we omit.

O

As noted in Chapter 1, this theorem, soon to be known as the Banach-
Stone Theorem, has been proved by many authors and by varied methods.
We will try to relate some of that story in the notes at the end of this chapter.
In this chapter itself, we wish to examine in some detail three approaches to
the theorem which supply generalizations of different kinds and which have
not, to our knowledge, been discussed very much in other sources. The first
is due to Eilenberg, whose effort was the earliest after Banach and Stone, and
which generalizes slightly the type of topological spaces @) and K. The second
is due to Holsztynski and Novinger and treats linear isometries of subspaces
of C(Q) into C'(K). Finally, we present a more recent result of Vesentini, who
obtains the canonical form (17) for bounded transformations from C(Q) into
C(K) which take extreme points to extreme points.

In this chapter we will not discuss the important vector-valued case but
reserve that to a later chapter on the Banach-Stone Property.

2.2. Eilenberg’s Theorem

As we have seen in both Banach’s proof and Stone’s proof, the desired
homeomorphism arises by identifying points where given functions achieve
their norms. In Banach’s proof, the identification of so-called peak func-
tions involves the existence of the directional derivative of the norm function.
Eilenberg suggested another way to identify these functions.

Let us say that a function f in the space Cy(K) of bounded continuous
functions on a topological space K is a peak function with ty € K as peak if

[£()] < |f(to)] forall ¢t € K with ¢ #tg.

2.2.1. DEFINITION. If X is a Banach space and x € X with ||z]] < 1,
then the star of x (denoted by st(x)) is the set of all y € X with ||y|| < 1 such
that ||z + y|| = 2.

Clearly, « € st(z) if and only if ||z|| = 1 and in fact any element of a star
set must have norm exactly one.

2.2.2. LEMMA. (FEilenberg) Suppose K is countably compact with f, g €
C(K) and ||f|l| € 1, |lgll £ 1 (the functions may be either real or complex
valued). Then f € st(g) if and only if there is ty € K such that f(to) = ¢(to)
and

|[f(to)] = lg(to)| = 1.
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ProoF. The sufficiency of the condition is obvious. For the necessity, the
countable compactness guarantees {5 € K so that

2=||f +gll = [f(to) + g(to)|.

The result follows from some elementary complex arithmetic. O

The next theorem gives a simple characterization of peak functions.

2.2.3. THEOREM. (Filenberg) Let K be countably compact, completely
regular, and C'(K) the space of continuous (real or complex) functions on K.
A function f € C(K) with ||f|| = 1 is a peak function if and only if st(f) is

conver.

ProoF. If f is a peak function, there exists ¢y € K such that |f(tp)| =1
and |f(t)] < 1 for ¢t # t5. From Lemma 2.2.2, it is clear that st(f) = {g €
C(K) :||lg|l = 1 and g(to) = f(to)}. This set is obviously convex.

Now suppose that f is not a peak function. Then |f| must attain its
maximum value 1 (by the countable compactness) and it must occur for at
least two distinct points ¢1,ts € K. Since K is completely regular, there are
disjoint open sets (1, G5 containing tq, %2, respectively, as well as continuous
norm-one functions g1, ¢ with g¢;(t1) = f(¢) and g;(t) = 0 for t € K\G,
t=1,2. Then

If+ a1l > [f(t1) + 1(t1)] =2

so that ||f + ¢1|| = 2; similarly || f + g2|| = 2. However, ||g1 + g2|| = 1 by the
construction of g; and g2 so that both are in st(f) while %(gl + g2) is not.
Therefore, st(f) is not convex. O

We are now in a position to give the proof of Eilenberg’s slight extension of
Banach’s 1932 result. The key idea, as in Banach’s proof, is that an isometry
must map peak functions to peak functions, and it is also crucial that for every
to € K there is a peak function which peaks at t;. This latter statement is
true if and only if K is completely regular and every singleton point of K is a
(Gs-set. The characterization of peak functions given by Theorem 2.2.3 makes
it easy to establish the desired homeomorphism. It does take some work to
get the canonical form of the isometry and we are going to give some of those
details. We are also going to give the proof for the complex case whereas
Banach, Stone, and Eilenberg all treated the case of real-valued functions
only.

2.2.4. THEOREM. (FEilenberg) Suppose @ and K are completely regular,
countably compact spaces satisfying the first axiom of countability. Let T be
an isometric isomorphism of C(Q,C) onto C(K,C). Then there is a home-
omorphism ¢ of K onto Q) and a unimodular function h € C(K,C) such
that

(18) TF(t) = h(t)f(o(t)) forall t € K.
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PrOOF. Let sy € (). Since K satisfies the first axiom, there is a countable
base {G,} of open neighborhoods of sy and since K is completely regular,
{50} = NG,,. Tt follows that there is a peak function f which peaks at sg. By
Theorem 2.2.3, st(f) is convex and since T is an isometry, st(Tf) = T(st(f))
1s convex as well so that T'f 1s a peak function. Therefore, there i1s some
to € K such that T'f peaks at tg.

It is important to note that if ¢ is any norm-one function which attains

its norm at sp, then we can let v = %g to get a function which is in st(f).
0

It follows that Tw € st(Tf) from which we conclude that Tw(tg) = Tf(to)

where |Tf(tg)| = 1 (Lemma 2.2.2). Hence |Tg(tg)| = 1 as well which shows

that the function ¢ which pairs sg with ¢y is well defined. We will see that it

1s a homeomorphism.

If ¢(s1) = ¥(s2) and s1 # s2, then there are peak functions fi, fo which
peak at s; and so, respectively. Since T'f; and T'fo both peak at ¢(s1) =
¥(s2), application of T~! would imply that f; and f; must both peak at s;
which is not true. It is also straightforward to show that ¢ i1s surjective, using
the fact the 77! is an isometry.

For the continuity, let sy € @ and suppose G is a neighborhood of ¢(sg).
Since K is completely regular, we may choose g € C'(K) with ||g|| = 1 such
that g(¢(sg)) = 0 and g(¢t) = 1 for all t € K\G. Let f € C(Q) be such that
Uf=g. Then N ={s€Q :|f(s)] <||f||} is an open neighborhood of sy and
P(N) C G since f and Uf = g must peak at points which correspond under
.

It remains to show now that 7" satisfies (18). From what we have already
shown, we must have |T1(t)| = 1 for every t. Let h = T1 and V = hT.
Then V(1) = 1, and we will show that if v € C(Q) with v(s) = 0, then
Vu(y(s)) = 0. The canonical form (18) follows from this since for every
se@and f€C(Q), v=[f— f(s) vanishes at s and so

0=Vu((s)) = VI(¥(s)) — f(s).
If we write ¢(t) = ¢~1(t) and replace V by AT, we get (18).

Hence, to complete the proof we suppose first that v is a non-negative
function in C(Q) with v(sg) = 0, v(s) # 0 for s # sg, and ||v]| = 1. With
these assumptions, 1 — v i1s a peak function which peaks at sy and therefore
V(1 —v) =1—V(v) is a peak function which peaks at ¢(sg). Now 1 — v is
in st(1) so that 1 — V(v) € st(V1) = st(1). By Theorem 2.2.3, there is some
tg € K at which V(1 — v)(tp) = 1. However, |V (1 — v)(¢(so))] = 1 and since
V(1 — v) is peak function, we must conclude that t; = ¢(sg). Thus

1=V =v)(¢(s0)) =1 = V(v)(¥(s0))

and we have Vo(¢(sg)) = 0. If ||v|| # 1 we replace v by Y and get the same

[loll
result.
If f is any non-negative function with f(z) = 0 and v is as above, then
v+ f satisfies the hypotheses above so that V(v + f)(¢¥(s0)) = 0 and we get
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V f(¥(s0)) = 0. By the linearity of V' we can extend the result, first to all real
functions by using the decomposition into positive and negative parts, and
finally to complex functions using the real and imaginary parts. O

We close this section with the observation that Eilenberg was principally
motivated by the desire to relate the structure of a topological space K to the
metric structure of Cy(K). In this connection he constructed from C'(K) an
“ideal space” that he showed (in case K is compact) to be homeomorphic to K
and so obtained an independent proof of Stone’s Theorem. By making use of
the Stone-Cech compactification, he actually extended the classical theorem
to the case where ) and K are completely regular and satisfy the first axiom
of countability.

2.3. The Nonsurjective Case

The success of the arguments of Banach, Stone, and Eilenberg depended
in part on the assumption that the isometry 7' is surjective. Holstzynski
was the first to relax that assumption without making any other assumptions
about U. In this section, following the work of Novinger, we go a step further
and describe isometries which map a subspace M of C'(Q) onto a subspace N
of C(K). The proof uses an extreme point argument first used by Arens and
Kelley and which is perhaps the best known method of proof for the standard
Banach-Stone Theorem as popularized by Dunford and Schwartz [89, p.441].

We will need a characterization of extreme points of the unit ball in the
dual of a C'(K) space. Such a characterization was developed by Arens and
Kelley and is known as the Arens-Kelley Theorem. We will have use of this
result in several places and so we present a proof of it here, choosing a form
of the theorem more general than needed, but which will also be useful in a
later chapter.

If K is a locally compact Hausdorff space and F a normed linear space
(real or complex), we let Cy (K, E') denote the space of all continuous functions
f from K to E which vanish at infinity with

11l = sup [IF(O)]]&-
teK

We will denote the closed unit ball of any normed linear space E by the symbol
B(F), the surface of the closed ball by S(F), and the set of extreme points of
a given set D by ext(D). In the particular case where the set D is the closed
unit ball of a Banach space F, we will simply write ext(FE).

We are going to follow the method of Strobele [297] in characterizing
extreme points of the dual unit ball for certain special quotient spaces of
Cy(K, E). We begin by proving the Buck-Phelps characterization of extreme
points in the dual ball of a general normed linear space.

We will use the common notation Rz and Sz for the real and imaginary
parts of a complex number.
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2.3.1. LEMMA. (Buck and Phelps) Suppose E is a normed linear space
(real or complex). Then z* is an extreme point of B(E*) if and only if E(z*)—
E(z*) = E where E(z*) ={z € E :||z]| — R(z*(x)) < 1}.

PRrROOF. Let z* € B(E™). The convex set F(z*) — E(z*) has a nonempty
interior and so if it is not all of F, then there exists y* in E such that Ry* (z) <
1 for all x € E(z*) — E(z*) and in fact |Ry*(x)| < 1 for all such ». Let
z € B(F) and suppose o = [|z|| — Rz*(x). TFirst assume o = 0. Then
Az € E(z*) for every A > 0 and since |y*(z)] < A for all A, we must have
y*(x) = 0. Tt follows that R(z* £ y*)(x) = Rz*(x) < 1. If a > 0, then
a~lr € B(2*) so that |Ry*(a~1z)| < 1. Therefore,

TRy (2) < o = ||z|| — R*(x)

and R(z* £ y*)(z) < 1. We must conclude that z* + y* € B(E*) and so z*
cannot be an extreme point.

On the other hand, if z* is not an extreme point of B(E™), there must
be a nonzero y* € E* such that z* + y* € B(E*). For x € E, R(y*(z)) <
[|2|] — Rz*(x) so that R(y*(z)) < 1 for all z € E(z*). Hence R(y*(z) < 2 for
all # € E(z*) — E(z*) and this set cannot be all of E. O

2.3.2. LEMMA. (Buck and Phelps) If M is a closed subspace of a n.l.s. E
(real or complex), then 2* is an extreme point of B((E/M)*) = B(E*)n M+
if and only if E(z*) — E(z*)+ M = E.

PrOOF. By Lemma 2.3.1, z* is an extreme point of B((E/M)*) if and

only if
(19) (E/M)(z") = (E/M)(z") = E/M.
If 2 € E(z*), where 2z € M1, then [z] € (E/M)(2*) where [2] denotes
the equivalence class of E/M corresponding to z. It follows readily that if
E(z*) — E(z*)+ M = E, then (19) holds and z* is extreme.

If we assume that z* is extreme and w € E, then [w] = [2] — [u] for

[2], [u] € (E/M)(z*). Given € > 0, we may choose a real number A such that
0<A<1land

lw] = A([z] = [u])]] < e.
Now

IA=]]] = R="(A2) <A <1
and

I[Au]] = Rz™(Au) <A< 1,

and it is possible to choose my,ms € M such that Az + my € E(z*) and
Au+ mg € E(z%). Clearly, there exists m € M such that

[[w— Az +m1) — (Au+ma)+m| <e¢

and we have that F(z*) — E(z*) + M is dense in E. However, if F(z*) —
E(z*)4+ M # E, then since E(z*) — E(z*) + M has nonempty interior, there
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is a continuous linear functional y* on FE such that R(y*(z)) < 1 for all
z € E(z*)— E(z*) + M. This would contradict the density proved above. O

Suppose now that F and M are as in the statement of Lemma 2.3.2, and
let K denote a locally compact Hausdorff space. Let M be the subspace of
Z = Cy(K, E) defined by

M={FeZ :F(Ky CM}

where Ky is a subset of K. For t € Ky, let ¢; denote the evaluation function
on Z defined by ¢, (F') = F(t). We are ready to describe the extreme points
of the unit ball of the dual of the quotient space Z/M.

2.3.3. LEMMA. (Strébele) If «* is an extreme point of S((E/M)*) and
tg € Ky, then
(20) V=T oy
is an extreme point of S((Z/M)*), where Z = Cy(K, E).
PROOF. Let v* = 2™ o ¢y, where 2* is an extreme point of B((E/M)¥)
and tg € Kyg. By Lemma 2.3.2, F = FE(z*) — E(x*) + M, and in fact it is
1 1
easily seen that £ = —FE(z*) — —E(2") + M for any n. Furthermore, F(2*)
n n
contains elements of arbitrarily large norm. Hence for F' € Z, F(ty) € E,

1

and there are elements x1,y; € ZE(l‘*) such that F(ty) = #1 —y1 + m where
1

m € M. We may choose u € ZE(l‘*) with ||u|| > ||=1]] + ||F]| and if we

1
let © =21 +u, y =31+ u, then 2,y € §E(x*) and F(tg) = — y + m.
Furthermore, ||z|| > || F||-
1
Let U be a neighborhood of ¢y such that ||F() — F(to)|] < 3 for all

t € U. By Urysohn’s Lemma, we can find a function r(¢) defined on K
with values in [0,1] so that r(tg) = 1 and r(¢t) = 0 for t € K\U. If we let
L) = r(t)m, Gt) = F@t)+ r(t)(y — m) and H(t) = r(t)y, we see that
F=G—-H+ L where L € M. Since v*(H) = 2*(y), we see that H belongs
to Z(y*). We will next show that G € Z(y*).

If ¢t € K\U, then

NGO = [1FOI < (1F]] < [l
If t € U, we have
NGO = I1F (1) = F(to) + F(to) = r(t)(y —m —z) + r(t)z]]
S IF @) = F(o)ll + [1(1 = 7(8)) F(to) + r(t)x]]
1

< g+ A =rO)E ) + @)l

1+|| |
= xr
2

IN
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. . 1 . .
since ||F(to)|| < ||#||. Now G(tg) = « and since z € §E(x ), we obtain

161 =R (9) < 5+ lhell = R () < L

Therefore, G € Z(y*),and F=G—-H+ L € Z(v*) — Z(v*) + M.
We apply Lemma 2.3.2 again to see that ~* is an extreme point of

S(Z/M)*) = S(Z ) n Mt O
We now prove a partial converse of Lemma 2.3.3.

2.3.4. LEMMA. Suppose M 1is a closed subspace whose complement s 1-
complemented in E and Ko = K. Then every extreme point of B((Z/M)*)
is of the form z* oy, wherety € K and x* is an extreme point of B(E/M)*).

PrROOF. Let A = {z*oy)y : 2* € B((E/M)*), t € K}. We first show that
A is weak*-closed in S(Z/M)*). Assume that 25 0¢;, — 2* € B((Z/M)*) =
B(Z*)NM*. There are two possibilities for the net {t,}. First, suppose {t,}
has a cluster point t; € K. We may assume (taking subnets if necessary)
that t, — tp and z¥, — #* in the weak*-topology of (E/M)*, where z* €
B((E/M)*). For any equivalence class [F] in Z/M,

([F]) = 2 (F) = him(e, o 42,)(f) = lima, (f(ta) = 2 (f(t0))

so that z* = 2% o 9py, € A.

If {ts} has no cluster point in K and [F] € Z/M, then for ¢ > 0 there
exists a compact set D C K such that ||F(t)|| < efort € K\D. Since {t4} has
no cluster point in K, there is an index «q such that ¢, € K\D for a > «y.
(Otherwise a subnet of {t,} would lie in the compact set D and have a cluster
point.) Then

|[2atea (F)| = 2o (F(ta))| < [|F(ta)]] <€
and we conclude that ¢, — 0 in the w*-topology, and 0 € A.

Next we show that the closed convex hull €6(A) of A must be equal to
B((Z/M)*). Tf not, there exist [F] € Z/M and 2z} € S((Z/M)*)\co(A) such
that

R(z5([F1)) > sup{R(z"(F)) : 2° € co(A) }
> sup{Re~(F(t)) : 2" € S(E/M)"), t € K}
= [ILF11];
which 1s a contradiction. The last inequality requires some justification.

By hypothesis, E = M @& N and there exists a projection P onto N along
M such that ||P]| = 1. Let G = PoF so that F(¢t)—G(t) = F(t)—PF(t) e M
for every t. Hence F' — G € M and G € [F]. Let € > 0 be given and choose
t € K such that [|F(t)|| > ||G]] — . We may choose z* € B(E*) so that
|z*(G(t))| > ||G(t)||—¢. Define y* on E by y* = z*oP. Then y* € M1NB(E*)
since ||P|| = 1. Furthermore,

[y (F@O)] = |z (PF0))] 2 [|GO)]| = ¢ 2 [|G]] = 2¢ = IIF]]] = 2e.
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Since y* € B((E/M)*), we see that

sup{Ra"(F () : 2™ € B((E/M)")} = ||[F]]l-
By Milman’s converse of the Krein-Milman Theorem as quoted by Phelps
[251, p.9], the extreme points of B((Z/M)*) are contained in A.

The proof is completed by noting that if z* = z* o iy, then z* 1s an
extreme point only if * is an extreme point. O

We are finally ready to give a general version of the Arens-Kelley Theo-
rem.

2.3.5. THEOREM. (Brosowski and Deutsch) Let E be a (real or complex)
normed linear space and Z = Cy(K, E). Then

ext(Z*) ={z" othy 1 a” € ext(E"), t € K}.

Proor. Apply Lemmas 2.3.3 and 2.3.4 with M = {0} and Ky = K. O

We will need one more form of this theorem, one that applies to subspaces

of Z = Cy(K, E).
2.3.6. CoROLLARY. If X is a subspace of Co(K, E), then
ext(X*) C{z"othy 12" €Eext(E"), t € K}.

ProoF. This result follows from the fact that an extreme point of B(X™*)
must be the restriction to X of an extreme point of B(Z*) and hence of the
announced form by Theorem 2.3.5. To see this, suppose y* is an extreme

point of B(X*). Let U = {z* € Z* : ||z*|| = 1, 2*|X = y*}, and suppose
w* is an extreme point of U. Let w* = —w] + §w§ where w}, wh € B(Z~).
It follows that ||wi]] = ||wi]] = 1. For v7 = wi|X and v = wi|X, we have

Yy = 51)”1‘ + 51}3, and since v}, v3 € B(X™), and y* is extreme, we conclude

that v = v5 = y*. Therefore w}, wj € U so that w* = w] = w} and

w* € ex(S(Z2%)). ([

We are almost ready to state and prove the theorem of Novinger, but
before doing so we should say a little about the Choquet boundary. The
Choquet Boundary is a subset of @) associated with a subspace M of Cy(Q),
and was first introduced by Bishop and Deleeuw in their work on Choquet’s
Theorem. In the case were () is compact and metrizable and M is a function
algebra, the Choquet Boundary consists of the peak points for M. Thus it is
probably not surprising that the notion shows up in a discussion of isometries.

2.3.7. DEFINITION. IfQ is a locally compact Hausdorff space and M is a
linear subspace of Cy(Q), the Choquet boundary for M (denoted by ch(M))
is the set of all t in @ such that ¢y is an extreme point of B(M™).

2.3.8. THEOREM. (Phelps) The Choquet boundary ch(M) is a boundary
for M, that is, given f € M, there exists t € ch(M) such that |f(t)] = || f]]-
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ProoOF. Given f € M, let tg be such that ||f|]| = |f({0)] and let A =
{z* € B(M™) : z*(f) = f(to)}. Then A is nonempty (since ¢y, € A), weak™-
closed, and convex, so A must have an extreme point y*. It is straightforward
to show that y* is in fact an extreme point of B(M™*), and by Corollary
2.3.6, y* = Ay for some t € ch(M) and scalar A with |A|] = 1. Hence

[FO] = [Moe(H] = 1) = IIF]- -

2.3.9. DEFINITION. Let Q) be a locally compact Hausdorff space. An ele-
ment sg € @ is said to be a strong boundary point of a subspace M of Cy(Q)
iof for each neighborhood U of sy, and each € > 0, there exists f € M such
that 1 = f(s) = ||fll, and |f(s)| < € for all s € Q\U. The set o(M) of strong
boundary points for M 1s called the strong boundary of M. A subspace M
of Co(Q) is said to be extremely regular if (M) = @, and M is extremely
C-regular if ch(M) C o(M).

Note that an extremely C-regular subspace M must separate the points of

ch(M).
2.3.10. THEOREM. (Nowvinger)

(i) Let Q, K be locally compact Hausdorff spaces and suppose M is a closed
subspace of Cy(Q) which separates the points of its Choquet Boundary.
If T is a linear isometry of M onto a subspace N of Cy(K), then there
is a function h from ch(N) into the unit circle and a function ¢ from

ch(N) onto ch(M) such that
(21) Tf(t) =h()f(e(t)) foral feM and t € ch(N).

Furthermore, the functions h, ¢ are continuous at each t € ch(N) for
which ¢(t) € o(M). In particular, if M is extremely C-regular, then h
and ¢ are continuous on ch(N).

(il) If @ is compact and M is any subspace of C(Q) which separates points
of @ and contains the constant functions, then the conclusion of the
previous part holds. In this case, h is defined and continuous on all of
K and there is a continuous function ® from K into S(M™) such that

(22) R@TF(t) = ©()(f) for all t € K.

ProoF. (i) Ift € ch(N), then ¢, € ext(N*) by Definition 2.3.7 and since
T™* is an isometry from N* onto M*, it must map extreme points to extreme
points. Hence 7™ is an extreme point of B(M™) so T*¢ = A, where
Al = 1 and s € Q. It follows that AT™*¢; = 1, is also an extreme point of
B(M?*) so s € ch(M). Let h(t) = A and ¢(t) = s. The function ¢ is well
defined since M separates the points of ch(M). If f € M, then

Tf(t) =T (f) = h(t)s (f) = h(t) f(s) = h(t) f(e(1))
and (21) is satisfied.
If s € ch(M), then ¢; € ext(M*) and since T maps ext(N™) onto
ext(M™*), there must exist some y* € ext(N*) such that T*y* = ¢;. Now
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y* = M\, for some [A| =1 and t € K. Again we see that A\y* = ¢y € ext(N*)
and ¢ € ch(N). Fuarthermore, ¢y = AT so that ¢(t) = s and ¢ maps ch(N)
onto ch(M).

To complete the proof we must prove the statement about the continuity
of h and ¢. First suppose ¢ is not continuous at tg € ch(N), where ¢(ty) €
og(M). Then there is a neighborhood W of sy = ¢(tg) such that for every
neighborhood U of ¢y there is some t € U Nch(N) such that ¢(t) ¢ W. Since
sg € o(M), given € > 0 there is an f € M with f(sg) =1 = ||f|| and |f(s)| < €
for s € ch(M)\W. Since T f is continuous at tg, there exists a neighborhood
Ug of ty such that if ¢t € Uy N ch(N), then

h(t) fe(t)) — h(to) f(e(to)) < e
However, since there is at € Uy Nch(N) such that ¢(t) € ch(M)\W, we have

¢ > [h(t) (1)) = hlto) f(p(o))] = |1 = [flp@)] =2 1 —€

which is a contradiction for small e.

Next suppose h is not continuous at tg € ch(N) where ¢(tg) € o(M).
Then there exists ¢ > 0 such that for every neighborhood U of ¢y there is
some t € U Nch(N) with |h(t) — h(to)| > €. Since p(tg) € (M), there exists
an f € M such that f(¢(to)) = 1. If r(t) = f(e(t))—f(e(to)), then continuity
of f and ¢ guarantees a neighborhood Uy of 14 such that

[r(@®)] = [F(e(t) = fle(to))] < i

for t € Uy N ch(N). Furthermore, there exists a neighborhood Uy of ¢y such
that |Tf(t) — Tf(to)] < % for t € Uy. Now let ¢ € Uy NUy N ch(N) be such
that |h(2) — h(to)| > . We must have

5 > IT7(0) = Tf(t0)] = (0] (p(0)) = (o) f(t0))]

(
= [hO)[(e(to)) + ()] = h(to) f((to))]
= [[A(1) = h(to)]f (¢ (to)) + h(t)r(t)]

(
> [Ih(t) = h(to)| = [r(®)]| = € -

€
- 4 4
which is a contradiction.

Clearly, the above arguments hold for all ¢ € ch(N) when M is extremely
C-regular.

(ii) If @ is compact, the map s — ; is a homeomorphism of ch(M)
onto extS(M™) with its w*-topology. The function h(?) in the argument of
part (i) is just T'1(¢) and so is continuous since T1 € Cy(K). The function
d(t) = WT* ¢ is continuous from K into S(M*) and for t € chN, we have
that ®(t) = ¢ for s € ch(M). In this case, ®(t)(f) = f(¢(t)) from which
(21) follows.

O
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2.3.11. COROLLARY. In the notation of Theorem 2.3.10, suppose M, N
are completely C-regular subspaces of Cy(Q) and Cy(K), respectively, and
suppose T is a linear isometry from M onto N. Then (21) holds where h
is continuous on ch(N) into the unit circle of C and ¢ is a homeomorphism
from ch(N) onto ch(M).

ProOF. From Theorem 2.3.10(i) we get h as described in the statement of
the corollary and the function ¢ which is continuous from ch(N) onto ch(M).
Since N separates the points of ch(N), ¢ is one-to-one. We may apply the
theorem to T~! to get a modulus one function ¢ continuous on ch(M) and
a function § which is continuous from ch(M) onto ch(N). Further, we have
from (21) applied to T~! that

f(s) = T7H(T)(s) = a(s)Tf(B(s))
for all s € ch(M) and f € M. However, using (21) applied to T" we obtain

f(s) = a(s)TF(B(s)) = a(s)h(B(s)) [ ((# o B)(s))
so that |f(s)| = |f((¢ o B(s))| for all s € ch(M) and f € M.
Since M is extremely C-regular, we must have s = ¢(3(s)) from which

we conclude that 8 = ¢~1 and ch(M) is homeomorphic to ch(N).
O

2.3.12. CoROLLARY. If T is a linear isometry from Cy(Q) onto Cy(K),
then @ and K are homeomorphic. Furthermore Tf(t) = h(t)f(e(t)) for all
t € K where h is continuous on K such that |h(t)| =1 for allt € K and ¢ is
a homeomorphism of K onto Q).

ProOOF. In this case, the Choquet boundaries of M and N are @ and K,
respectively, and they are homeomorphic by Corollary 2.3.11. |

This corollary is the form of the Banach-Stone Theorem that is sometimes
given. The classical case, where ), K are compact is, of course, included.

2.3.13. COROLLARY. If M, N are extremely C-regular, @) is compact, and
ch(M ) is closed, then ch(N) is compact. In particular, if N = Cy(K), then
ch(N) =K so K is compact.

2.3.14. CoROLLARY. (Novinger) If M separates points of the compact
space ) and contains the constant functions and if N = Co(K), then K is
compact and ¢ is a homeomorphism of K onto ch(M ).

Proor. If N = Cy(K) then K = ch(N) and by Theorem 2.3.10 (ii),
we have Tf(t) = h(t)f(p(t)) for all ¢ € K. Since 1 € M, we must have
T1(t) = h(t) € Co(K). Also, since |h| is constant on K, K must be compact
and the continuous mapping ¢ from the compact set K onto ch(M) is one-
to-one and is a homeomorphism. O

2.3.15. CoROLLARY. (Novinger) Suppose M separates the points of the
compact space Q) and contains the constant functions. If ch(M ) is closed in
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Q, then ch(N) is closed in K. If N also separates the points of K and K is
compact, then ch(M ) and ch(N ) are homemomorphic.

PrOOF. Under the given conditions, the set {¢s : s € ch(M)} is a
(weak*-) closed subset of S(M*) and so its inverse image under the con-
tinuous map @ introduced in (22) must be closed in K. This closed set is just
o~ YHch(M)) = ch(N). If K is compact and N separates points of K, then ¢
is a homeomorphism since it maps the compact set ch(N) onto ch(M). O

When M = C(Q) for @ compact, then ch(M) = @ so that ch(N) is closed
by Corollary 2.3.15 and we get the theorem of Holsztynski. In Holsztynski’s
Theorem, the function ¢ 1s defined on the set

(23) D=J{te K :T(Q(s) C K(t)}
SEQ
where Q(s) and K (t) are as defined in Stone’s original proof given in Section
1. Under these conditions, the set D is the same as the Choquet Boundary of
N.
There is one more corollary available to us now that treats the situation
where M and N are algebras, and it will be of use to us in Chapter 4.

2.3.16. COROLLARY. (deLeeuw, Rudin, Wermer) If M and N are closed
subalgebras of C(Q), C(K), respectively, each containing 1, M separates the
points of the compact space Q, and T is a linear isometry from M onto N,
then
(24) Tf(t) =hO)T1f(t) foral te K,
where h is unimodular, and T is an algebra tsomorphism of M onto N, with

the property that if f € M, then Tf =TF.

Proo¥F. By Theorem 2.3.10, we have a unimodular function A as before
and a function ¢ defined on ch(N) so that (21) holds. In this case, h = T'1 is
defined on all of K. Furthermore, h € N. To see that, note that

h)T(f9)(t) = (TH)(O)(Ty(t)

for all t € Ch(N). In particular, since T is surjective, there exists p € M
such that 7'p = 1. Putting this in the equation above, and using the fact that
ch(N) is a boundary for N, we get that AT(p?) = 1 so that h = T(p?) € N.
Let us define T by

Ty f = hTf for all f e M.
so that (24) holds. Let f,g € M and t € ch(N). Tt is straightforward to show,
using (21), that

Ti(fg)(t) = Tuf (1) Trg(t)

for t € ch(N), and since ch(N) is a boundary for N, the same equality must
hold for all + € K. Thus 77 is multiplicative. In a similar way, we can show
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that 71 f = T, f, whenever f € M. Hence T} satisfies the properties claimed
in the statement of the corollary, (and is an isometry as well), so that the
corollary is proved. O

We conclude this section with some examples.
2.3.17. EXAMPLE.

(i) (Singer) Let @ = {1,2,3}, K = {1,2,3}and M = {f € C(Q) :
f(3) = 0}. Define T: M — C(K) by T(s1,52,0) = (s1, 82, %(51 +52)).
Then T is an isometry; ch(M) = {1,2} = ch(N) where N is the range
of T'. Note that 3 = %(1/)1 + o) in B(N™) so that 43 is not extreme
in B(N*). Here h(t) = 1 and ¢(t) =t for t € ch(N). Observe that
3 ¢ D, the set defined by (23), so D = ch(N) in this case. If we let K =
{1,2,3,4,5} and define T" by T'(s1, s2,0) = (s1, $2, —$1, —$2, Bt s

),
2
we have ch(N) = {1,2,3,4} and ¢ is not one-to-one.
(i1) (McDonald) Let @1, 2 be continuous functions on a locally compact
space K to a compact space () and let T be defined on C(Q) by Tf(t) =

%[f(gol(t)) + fle2)] for t € K. T = {t: ¢1(t) = ¢2(t)} and
©1(T) = @, then T is an isometry. If N is the range of T, then
I' = ch(N). To see this last statement, suppose tq € ch(N). Then ¢,
is an extreme point of B(N*) and so Ty, € ext(C(Q*)). Therefore,
T, = Mps for some s € @ and [A| = 1 by Theorem 2.3.5. Since
T1 =1, we have A = 1 and

1 1
s = §wW1(to) + §wW2(to)'

However, 15 is extreme so ¢y, (1o) = Y, (t,) and to € I'.

On the other hand, if tg € T, let s = ¢1(to) = wa(to). Now ¢ is
an extreme point of B(C'(Q)*) so there exists z* € ext(N*) such that
s = T*z*. Thus f(s) = ¢s(f) = z*(Tf) and also

1 1

F(s) = 5f(p1(to)) + 5 f(p2(to) = Tf(to) = ¥ro(T'f).

We conclude that z* = ¢4, and tg € ch(N).
(iii) (Jeang and Wong) Let T be defined from Cy((0, o0)) into Cy((—00, 00))

by T/(t) = h(t) F(p(t)) where

1, ift > 2;
h(ty=<t—1, if0<t<2;
-1, if ¢ < 0;

and ¢(t) = [t|. For N = range of T, it can be seen by the same
argument as in the previous example that (—oo0, 0]U[2, 00) is contained
in ch(N). For t € (0,2), it is easily seen that ¢ ¢ D where, again,
D is the set defined by (23) and since ch(N) C D holds in general,

© 2003 by Chapman & Hall/CRC



2.4. A THEOREM OF VESENTINI 39

we conclude that (0,2) has no points in common with ch(N) which
therefore equals (—oo, 0] U [2, 00).
(iv) Let M = {f € C[0,1] : f(0) = f(1) = 0}. Take ¢1,¢2 as in (ii)
1
above and let T'f = 5((]”0 1)+ (f ow2)), where @ = K =[0,1], and
I' =[0,1/2]. In this case ch(M) = (0,1) and ch(N) = (0,1/2) where
N = T(M).

2.4. A Theorem of Vesentini

It is well known that the extreme points of the unit ball of C(Q) are
those functions f such that |f(s)| = 1 for all s € Q). For any subspace M of
C(Q), let T(M) denote the set of functions in M such that |f(s)| = 1 for all
s € ch(M).

24.1. LEMMA. If M C C(Q), then T (M) C ext(M).

1
Proor. If f € T'(M), suppose f = §(g + h) where g, h € B(M). As we

have seen before, we must have 1 = |f(s)| = |g(s)| = |h(s)| for all s € ch(M),
and in fact, g(s) = h(s) = f(s) for all such s. Therefore, ¢ — h is zero on
ch(M) and by Theorem 2.3.8, ¢ — h =0 on Q. O

In the previous section, the technique for describing isometries depended
on the fact that the adjoint had to map extreme points to extreme points in
the dual unit balls. Here we show that the same description of an isometry as
a weighted composition operator follows if the operator maps extreme points
of C(Q) to certain extreme points of a subspace of C'(K).

2.4.2. THEOREM. (Vesentini} Let T be a bounded linear operator from
C(Q) into C(K), with ||T|| < 1. If T(T(C(Q)) C T(N) where N is the range
of T, then there exist a continuous map ¢ from ch(N) to @ and a function
h € T(N) such that

(25) Tf(t) = h(t)f (1))
for all f € C(Q) and t € ch(N).

ProOF. For ¢t € ch(N), the map f — Tf(t) defines a bounded linear
functional on C(Q), and so by the Riesz Representation Theorem there is a
unique, regular Borel measure g on @ such that Tf(¢) = [ fdpe = pe(f)

where p;(f) is notation defined by the equality. The hypothesis then implies
that

(26) lpe(F)] =1 forall f € T(C(Q)) and t € ch(N).

The proof will be completed by proving each of the following statements:

(i) Equation (26) holds for all f in the set A(Q) of all measurable complex-
valued functions on () which have modulus one almost everywhere with
respect to |pgl;
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(ii) For every t € ch(N), there is a complex constant h(t) with |h(t)] = 1,
and a point s € Q such that p.(f) = h(t)s(f) for all f € C(Q); and,
(iii) The function ¢ defined by ¢(t) = s, where s,t are related as in (ii),
is continuous on ch(N) and the function h(t) as defined above is in
T'(N).

To begin, let us suppose ¢ € A(Q). Then g(s) = exp(iA(s)) where A(s)
is measurable. By Lusin’s Theorem, there exists, for each n, a continuous

function A, such that

lel({5 € @ : Aas) # A(s)}) < %

and [A,(s)] < |A(s)| a.e. and it follows that A, — A in measure. Hence there
is a subsequence {A,;} of {A,} which converges to A a.e. (|p]). Now let
gn;(5) = exp(idn,(s)) so that g, € I'(C(Q)) for each j and g,; = g a.e. By
Lebesgue’s Dominated Convergence Theorem, we have i (gn,) — p¢(g) and
it, follows that |u:(g)| = 1 since (26) is true for each g, ;. Hence (26) holds for
all ¢ € A(Q) and (i) is established.

Next we suppose ¢ € ch(N) and Qg is the support of |p:|. For any open
set V containing Qo, |p (V)| > 0. If 51,82 € Qo with 51 # so and if U is a
neighborhood of s; such that so € Q\U, then

(27) el(U) > 0 and | (Q\T) > 0.
Let f € T(C(Q)) and a, 3 given real numbers. Define g on Q by
et f(s), ifseU,
9(5) =9 s (s),
e’ f(s), ifseQ\U.
Then g € A(Q) so that |fg(5)dﬂt| = 1. Hence,

2
/ " fdpy / e fdus| + 2R (/ eio‘fdﬂt/ eiﬁfdﬂt) =1.
U Q\U U Q\U

Differentiation of this equation with respect to a and 3, and some algebra

2
4+

with complex numbers leads to the equations

/ emfdﬂt/ el fdp _/ ei“fdﬂt/ e fdp; = 0
U Q\U U Q\U

and

/ 6i°‘fdut/ eiﬁfdﬂﬂr/ 6i°<fdﬂt/ ? fdpy = 0.
U Q\U v QW

Therefore,
/ et fdyuy / eif fdp, =0
U Q\U

© 2003 by Chapman & Hall/CRC



2.4. A THEOREM OF VESENTINI 41

forall a, 8 € R and f € A(Q). Let dyy = h(t)d|pe| be the polar decomposition
of p with h € A(Q). Tf we choose « = =0 and f =1/h, we get

/dm¢/ dlpu] = 0
U Q\U

which is a contradiction of (27). Tt follows that the support Qg of y; consists
of a singleton {s} and p; = h(t)d; where |h(t)| = 1 and d; is the measure with
mass 1 concentrated at s. Hence for f € C'(Q),

mﬁﬁi/ﬁmthﬂ$=h®%U%

and we have (ii).

Finally, we define ¢(t) = s, where ¢, s are related as above and we see that
(25) holds. Since the identically one function 1 € C'(Q), we have T'1(t) = h(¢)
for all ¢t € ch(N) and so h can be identified with T'1 which is defined for all
t € K and belongs to T'(N).

It remains to show that ¢ is continuous on ch(N). If not, then there is
some tg € ch(N) and a neighborhood W of sy = ¢(tp) in @ such that for
every neighborhood U of ty there is t € U N ch(N) with ¢(¢t) ¢ W. Let Wy
be a neighborhood of sy with Wy C W, and define f € C(Q) by f(s) = 1
for s € Wy and f(s) = 0 for s € Q\W. If € is given with 0 < ¢ < 1, then
continuity of T'f at ¢y guarantees a neighborhood Uy of ¢y such that

[h(8)F (1)) = h(to) fe(to))| < e
fort € UgNch(N). Ift € UgNch(N) and p(t) ¢ W, then 1 = |f(e(to))] < e< 1

which is a contradiction. O

It is interesting that we get the canonical form (25) from the assumption
that 7" maps extreme points of the unit ball of C(Q) to certain extreme points
of the unit ball of N = range of 7. Such a T, of course, need not be an
isometry. For example, the linear transformation T'f = f(¢/2) from C[0,1]
onto 0, 1] satisfies the hypotheses of Theorem 2.4.2, but is not injective and

. . . L
so not an isometry. In this case ¢(t) = 3 18 not surjective.

2.4.3. THEOREM. If T is a linear transformation from C(Q) onto N C
C(K) and Tf(t) = h(t)f(¢(t)) where h € T(N) and ¢ is continuous from
ch(N) to Q, then T is an isometry if and only if ¢(ch(N)) is dense in Q.
Furthermore, T 1s a surjective isometry if and only if ¢ is a homeomorphism
from K onto Q.

PROOF. Suppose ¢(ch(N)) is dense in @ and Tf = 0 for some f €
C(Q). Let s € @, and suppose € > 0 is given. By continuity of f there is a
neighborhood U of s so that |f(s) — f(s')| < € for s’ € U. Since U contains
o(t) for some t € ch(N), we gave

e > |f(s) = Fle)] = |f(s) = (T F(1)] = |£(s)].

We conclude that f(s) = 0 so that T is one-to-one, and so is an isometry.
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On the other hand if ¢(ch(N)) is not dense, we can find a nonzero f €
C(Q) which is zero on the closure of ¢(ch(N)) so that T'f = 0 and T is not
injective.

If T is a surjective isometry, then ch(N) = K and since C'(K) separates,
@ 1s one-to-one, and so a homeomorphism from the compact set K to the
compact set Q. If ¢ is a homeomorphism and ¢ € C(K), then f € C(Q)
where f(s) = h(e™1(s))f(¢~1(s)), and T'f = g. O

Note that if T is an isometry from C(Q) onto C'(K), then 7" must map
extreme points to extreme points and so satisfies the hypotheses of Theorem
2.4.2. Hence, the classical Banach-Stone Theorem is a corollary of Theorems
2.4.2 and 2.4.3, and we have still another proof of that result.

If in the hypotheses of Theorem 2.4.2 we require that 7' map T'(C(Q))
into T(C(K)), then (25) holds for all t € K. This is what Vesentini actually
proved. However, in this case, ch(N) = K even though N is not necessarily
all of C'(K). We can get N as the range of weighted composition operator on
C(Qo) where Qo = ¢(K).

2.4.4. THEOREM. Suppose T 1is a weighted composition operator defined
from C(Q) into C(K) by Tf(t) = h(t)f(¢(t)) fort € K where h is continuous
with |h(t)| =1 for allt € K and ¢ is continuous from K onto Q. If N is the
range of T, then ch(N) = K.

Proor. If t € K, then ;) € ext(C(Q)*). Thus ;) = 772" where
AN it(]\f*). This we know since T" must be an isometry. It follows that

z* = h(t)¢r as elements of N* and so ¢ is an extreme point of B(N*). Hence,

t € ch(N). O

2.5. Notes and Remarks

Banach first proved his version of the Banach-Stone Theorem in the con-
text of a study of isometries and was apparently interested in actual descrip-
tions of these transformations. The development of the result in the next few
years was motivated rather by the desire of investigators to characterize the
topological space K according to various structures associated with the space
C(K). Thus Stone proved his version in the context of “characterizing com-
pletely the algebraico-topological structure of the function rings for bicompact
H-spaces” [295].

In this spirit, Gelfand and Kolmogoroff [114] showed that as a ring alone
C(K) characterizes K. (Silov [285] did this for the case where K is com-
pact.) Eilenberg [92], Arens and Kelley [16], and Myers [228], [229], [230]
considered only the Banach space structure of C'(K), and Kaplansky [166]
showed that as a lattice alone, C'(K) determines K. He showed that all of the
earlier results were subsumed by his theorem. Related papers include those of
M. and S. Krein [186], Kakutani [159], Stone [296], Clarkson [75], Milgram
[223], and Fan [97].
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One type of generalization that has been popular is to weaken the as-
sumptions about the topological spaces. Thus Jarosz and Pathak consider
isometries on subspaces of C'(Q) given other norms [150] while Araujo and
Jarosz [12] obtain the canonical description of isometries on metric spaces of
unbounded continuous functions defined on noncompact topological spaces.
Similarly, Bachir [19] has extended the Banach-Stone theorem to certain sub-
spaces of the bounded continuous functions on a complete metric space.

In another direction, Hyers and Ulam [140] showed that if there exists
some e-isometry from C(Q,R) to C'(K,R) then @ and K are homeomor-
phic. Amir [5] and Cambern [51], [52] showed that the presence of small
bound isomorphisms from C(Q) to C'(K) imply that @ and K are homeo-
morphic. Papers related to this approach include Bourgin [45], [46], Cengiz
[63], Benyamini [25] , and Jarosz [145]. A brief survey of such results can be
found in [102].

There are good discussions of the Banach-Stone Theorem in the books of
Semadeni [282, Sec.7,Sec.22], Behrends [23], and Jarosz and Pathak [151].

The various proofs of the Banach-Stone Theorem usually involve the in-
variance under isometries of certain objects associated with C'(Q)). Behrends
[23] sketches the types of arguments involved when the objects are extreme
points, T-sets, and M-ideals, respectively. A paper by Cutland and Zimmer
[80] gives a proof using nonstandard analysis.

Finally, we remark here that the early papers on the Banach-Stone The-
orem consider only the case where the continuous functions are real valued.
The proof given by Dunford and Schwartz [89] treats the complex case.

Eilenberg’s Theorem. The notion of the star of an element of a Banach
space was first given by Eilenberg [92], who used it to identify peak points.
Thus Lemma 2.2.2 and Theorems 2.2.3, 2.2.4 are given by him in the 1942
paper. Eilenberg did not give the details involved in actually establishing
the canonical form (18), leaving that to follow in the same way as Stone had
given it. But Stone [295] showed that V f > f when f > 0 (here we assume
V1 = 1), and his argument does not carry over to the complex case. We
obtain the form by showing that Vig(¢(s)) = 0 if g(s) = 0. This was shown
by Holsztynski [133] but with a different argument.

Eilenberg’s paper inspired the work of Myers [228], [229], [230], who
introduced the definition of a T-set. A T-set is a subset of a Banach space X
which 1s maximal with respect to the property that if x1, xo, ...z, are in the
set then || " 2;|| = > ||#;||- This property shows up in Stone’s proof, and the
intersection of a T-set with the surface of the unit ball is a maximal convex
set as used by Eilenberg [92]. If the star of an element « is convex, then it is
contained in a T-set, namely the half-cone generated by st(z). The T-sets are
important in Jerison’s extension [153] of the Banach-Stone Theorem to the
vector valued case, which will be treated in Chapter 7 of the second volume.

The Nonsurjective Case. This section makes use of what we call the
“extreme point” method of finding isometries. This method takes advantage
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of the fact that isometries must map extreme points to extreme points, where
usually 1t is the extreme points of the dual unit balls that are involved. Our
approach to the characterization of extreme points in a very general setting
follows Strobele [297]. We have cast the statement (Lemma 2.3.3) in a form
applying to certain quotient spaces, but it does not differ in any essential
way from the statement of Theorem 2 in [297]. This approach requires the
Lemmas 2.3.1 and 2.3.2 which are due to Buck [48], [49] and Phelps [250].

Strobele [297] asked about a proof of the converse of his Theorem 2 and
our Lemma 2.3.4 does that under special assumptions. Theorem 2.3.5 we
have attributed to Brosowski and Deutsch [47] since they seem to be the first
to state and prove the result in this form in its entirety. Strobele proved
that every functional of the form #* o ¢; is an extreme point of B(Cy(K, E)*)
by using Lemma 2.3.3 as we have indicated. Versions of the Arens-Kelley
Theorem have been obtained by a variety of authors. Arens and Kelley [16]
were probably the first to get the result for C'(K) where K is compact. The
proof given by Dunford and Schwartz [89, p.441] is well known and avoids
measure theoretic arguments. Singer [287] gave a proof for C'(K, E) where
K is compact and E a Banach space. Lau [194] quotes the result in this case
and attributes it to Lazar [195]. Brosowski and Deutsch [47] give credit to
P. D. Morris for helping in their proof. Behrends [23] gives a proof in the
context of Banach modules; Tate [302] gives a characterization for certain
commutative algebras over R.

The proof of Corollary 2.3.6 follows the argument given by Hoffman [132,
p.145]. The fact that an extreme point of B(X™) is a restriction to X of an
extreme functional on Cy (K, ) is due originally to Singer [286] and the exam-
ple of 2.3.17(i) was given by Singer to show that an extension of a functional
might be an extreme point even though the original is not. The statement of
the Corollary is also given in [47].

The Choquet Boundary was first mentioned by that name in a paper
of Bishop and de Leeuw [36] on Choquet’s Theorem. They state a lemma
which they say was announced by Bauer [22]. Some of the ideas were no
doubt present in the work of Krein and Milman [187]. The fact that the
Choquet Boundary consists of peak points for M in the compact, metrizable
case is due to Bishop [35]. (See also [251].) A good discussion of the ideas
and history are given by Semadeni [282, pp.412-413,428]. The definition we
have used, stated in Definition 2.3.7, was first given by Novinger [237] in this
general form. The proof of Theorem 2.3.8 follows the argument of Theorem
6.3 in [251]. The latter reference is, of course, an excellent one for information
about the Choquet boundary. Theorem 2.3.10 (ii) is the theorem stated and
proved by Novinger [237]. Theorem 2.3.10 (i) is our slight perturbation of
Novinger’s theorem. Although the statement is a bit ugly, it does seem to
indicate what is really necessary for the proof to work. The strong boundary
was studied by Araujo and Font [10],[11], who showed, for example, that the
strong boundary for a point-separating closed subalgebra A of Cy(()) is dense
in the Silov boundary of A. Recall that the Silov boundary of a space A is
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the smallest closed boundary for A. Tt is also known that the Silov boundary
of such a space is all of @ [110]. The notion of extremely regular subspaces
was given by Cengiz [63] and our alteration of his definition to extremely
C-regular involves only the replacement of @ by ch(M). Cengiz showed that
extremely regular subspaces of Cy(Q) arise, for example, as kernels of nonzero,
continuous complex-valued finite regular Borel measures on @, and that Cy(Q)
has proper extremely regular subspaces whenever @) is not dispersed. Note
that Theorem 2.3.10 (i) applies to the examples (i), (iii), (iv) of 2.3.17.

The case where M = C(Q) (in either 2.3.10 (i) or (ii)) gives the theorem
of Holsztynski [133] who was the first to obtain a form of the Banach-Stone
Theorem in the case where the isometry 7' is not surjective. Geba and Se-
madeni [113] had obtained the same result under the assumption that T is
1sotonic; that is, Tf > 0if f > 0. Holszynski’s proof was quite different than
the one we have given. Pelczynski [249] gave a proof of Holsztynski’s theorem
and applied it to his study of complemented subspaces of C'(@).

As early as 1948, Myers [228] had considered isometries from a subspace
of C(Q) into C(K). A subspace M of C(Q) was defined to be completely
reqular over @ if for every closed subset D of ) and every sq € Q\D, there
exists f € M such that f(so) = ||f|| and sup,cp [f(s)| < ||f]]. He then proved
that if a completely regular subspace M of C(Q) is isometrically isomorphic
to a completely regular subspace N of C'(K), where @ and K are compact,
then @) and K are homeomorphic. He gave conditions sufficient that there
exists () such that a given Banach space be equivalent to a closed, completely
regular subspace of C'(@), and also gave necessary and sufficient conditions
that a given Banach space be equivalent to C'(Q) for a compact ). Myers was
not concerned with giving an explicit description of a given isometry, but his
papers [228], [229], [230] contain many ideas that are useful in study of the
Banach-Stone Theorem.

Corollaries 2.3.14 and 2.3.15 may be found in the paper of Novinger [237].
Corollary 2.3.16 was proved by de Leeuw, Rudin, and Wermer for the case
where M = N [85]. (See also, Hoffman [132, pp.144-145].) Novinger [237]
gives this corollary under the assumption that 7'1 is identically one, so that
T itself is multiplicative. In fact, Nagasawa [231] was probably the first to
show that function algebras are isometric if and only if they are isomorphic
as algebras. Kulkarni and Limaye [189, Chap.5] studied isometries between
real function algebras.

The set D given by (23) can be shown to be equal to the Choquet Bound-
ary of N in the case M = C'(Q) with @ compact. The proof requires the fact
that f(s) = 0 implies that 7'f(¢) = 0 which was proved in this setting by Hol-
sztynski [133]. (See also [282].) Tt is easy to show that ch(N) is contained in
D in the setting of Theorem 2.3.10.

McDonald [220] gave a special case of the class of examples given in
2.3.17(ii). His purpose was to show that not every isometry from C(Q) into
C(K) need be a weighted composition operator. In his paper he is concerned
with linear isometries from C(Q) into C'(K) under certain conditions on @
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and K, and when they are weighted composition operators, at least on special
subsets of K. Example 2.3.17(iii) is due to Jeang and Wong [152], who give it
as an example of an isometry from Cy(Q) to Cy(K) that cannot be extended
to an isometry from C'(Qs) to C'(Ks) where Qo and K, are the one point
compactifications of ) and K, respectively. In that paper Jeong and Wong
prove Theorem 2.3.10(i) in the special case where M = Cp(Q). They also
show that every disjointness preserving operator is a weighted composition
operator when restricted to a special subset of K, which is a generalization of
a result of Jarosz [148]. Holsztynski’s form of the theorem has been considered
for the vector valued case by Cambern [54].

Finally, we want to state a theorem from the paper of Araujo and Font
[10]. We will need some terminology and notation. A subspace M of Cy(Q)
is said to be separating (strongly separating) if for every pair s, of distinct
points in @ there is a function f € M such that f(s) # f(t) (|f(s)| # |f(t)]).
By &(M) we will mean the set of all sp € @ such that for each neighborhood
U of sg, there exists f € M such that |f(s)| < ||f|| for all s € Q\U. By & (M)

will be meant the set
Eo(M)y=¢M)N{s€Q: f(s) #0 for some fe& M}.

2.5.1. THEOREM. (Araujo and Font) Let T be a linear isometry from a
strongly separating subspace M of Cy(Q) onto such a subspace N of Cy(K).
Then there exists a homeomorphism ¢ of £5(N) onto & (M) and a continuous
unimodular map h defined on g N) such that

(28) (TH(E) = k() f(p(t) forall t €&(N), feM.

It is true also that the map ¢ above maps ch(N) onto ch(M), and so the
above theorem is an extension of Corollary 2.3.11.

If for a given subspace M it is known that the Silov boundary, J(M), of
M is not empty, there i1s a nice alternate description of it.

2.5.2. PROPOSITION. If M is a linear subspace of Cy(Q), and IM is not
empty, then OM = &(M).

ProoF. Let sq € 9M and let U be a neighborhood of zg. Since Q\U
is closed and does not contain JM, it cannot be a boundary. Thus there
is some f € M so that |f(s)] < ||f]| for all s € U. On the other hand, if
so € E(M)\OM, there is a neighborhood U which does not intersect 9M.
The f € M guaranteed by sy € (M) does not assume its norm on dM,
contradicting the fact that it is a boundary. |

In fact, dM is nonempty and coincides with the closure of ch(M) when
M 1s strongly separating. If M is strongly separating and has the property
that for each s € @, there is some f € M with f(s) # 0, M is sometimes
called a strongly separating function subspace. In this case, &(M) = M.
Hence, by combining 2.5.2 and 2.5.1 we obtain
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2.5.3. THEOREM. In Theorem 2.5.1, if M, N are strongly separating func-
tion subspaces, then the map ¢ in (28) is a homeomorphism from ON onto

oM.

This is very nice result and will be of use in Chapter 6.

Everything that we have been discussing in the last few paragraphs is in
the paper of Araujo and Font [10], although we have changed the notation
somewhat. The authors’ arguments are not based on the usual concepts of
T-sets or extreme points of the dual balls, but are closer to the approach of
Stone. The proofs are lengthy and we have chosen to omit them.

Vesentini’s Theorem. The characterization of the extreme points of
C(Q,R) was given by Arens and Kelley [16] and mentioned also by Kaplansky
[166]. Vesentini [310, Lemma 1] gives a proof of the result which holds in
the complex case as well. Theorem 2.4.2 is a slight alteration of the theorem
proved by Vesentini [310] in that we demand only that T map extreme points
of C(Q) into the special extreme points of N as given by Lemma 2.4.1. This
results in a slightly weaker conclusion, but it applies to examples such as those
of McDonald given in 2.3.17(ii).

Vesentini [310] was interested in the role of surjectivity for isometries of
C(Q) and for holomorphic isometries for the Caratheodory-Kobayashi differ-
ential metric of the open unit ball of C(Q). He gives an example of a nonlinear
isometry of C'(Q) into C'(Q) which fixes the zero element. (See Section 3 of
Chapter 1.)

In [311], Vesentini obtains an analogue to Theorem 2.4.2 where @ and
K are locally compact, Hausdorff spaces and the spaces C'(Q), C(K) are en-
dowed with the topology of uniform convergence on compact sets. He also
investigates locally equicontinuous semigroups of linear operators from C'(Q)

into C'(K).
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CHAPTER 3

The L? Spaces

3.1. Introduction

Having examined the nature of the isometries on continuous function
spaces, it is natural to turn to the LP-spaces. If ¢ is a homeomorphism
of [0, 1] onto itself, the simple composition operator Tf(t) = f(¢(t)) is not
necessarily an isometry on L?[0,1] For example, let the function ¢ be given
by

The problem, of course, is that the homeomorphism here is not measure pre-
serving. To get an isometry we must multiply the composition operator by
the function h where h(t) = (%)% for 1 <t<1and (%)% for 0 <t < 1. Thus
Tf(t) = h(t)f(p(t)) is an isometry, and as we shall see, all the isometries
on LP take this form. Banach, not surprisingly, was the first to describe the
isometries on L?[0, 1], although he did not give the full proof for this case.
This was provided by Lamperti who characterized the isometries on L of a
general and o-finite measure space, where 0 < p < 00, p # 2. In this chapter
we give a complete exposition of Lamperti’s proof, as well as Hardin’s results
on isometries of subspaces of LP and how they can be extended to larger
subspaces. This work is built on a generalization of Rudin’s theorem on L?
isometries and equimeasurability and we will discuss that theorem as well.

Banach proved that an isometry on L? has the property that it maps
functions with disjoint support onto functions with disjoint support. This
property lies at the base of the proofs to be given in this chapter. It actually
arises in a variety of situations, and usually leads to a description of the
operator as a weighted composition operator. Let us describe how it works in
a somewhat general setting.

Let (22, %, ) be a finite measure space and suppose E is a Banach space of
measurable functions defined on €2 which contains the characteristic functions
of measurable sets and in which the simple functions are dense. Suppose U is
a linear transformation on E such that f-¢g =0 a.e. impliesUf-Ug =0 a.e.
Let AeX and A° = QO\A. Then 1= x4+ x4 and Ul = U(xa) + U(xae).
Since U(xa) and U(x ac) have disjoint supports, it follows that

U(xa) = b X1(a)

49
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50 3. THE L? SPACES

where h = Ul and T(A) = suppU(x.4). The set function T can be shown to be
a ‘regular set isomorphism” on 3 and it gives rise to a linear transformation
denoted by T and called the transformation induced by T', where T1(x4) =
x4y and Uy, = hT1(xa). Extension to simple functions is clear and by
limits (because of the density) we get the form

(29) Uf =hTi(f).

Under the right conditions, the set isomorphism 7" can be given by a point
mapping ¢ and the operator then takes the familiar form,

(30) Uf(t) = h(t)f(£(t)).

Finally, in this chapter, we consider the case where p = 2 by looking
at Bochner’s characterization (a generalization of Plancherel’s Theorem) of
unitary operators in terms of integrable kernels, and then Merlo’s further
generalization to isometries from LP to L9 utilizing what he calls Bochner
kernels. As in Chapter 2, we consider here only spaces of scalar valued func-
tions, leaving the vector-valued case to a later chapter.

3.2. Lamperti’s Results
We begin by establishing a general form of Clarkson’s inequality. Recall
1 1
that a real function % is said to be convex if 1[)(5(15 +3)) < 5(1[)(15) + ¢(s)).

3.2.1. LEMMA. Let ¢ be a continuous, strictly increasing function defined
on the nonnegative reals, with p(0) = 0. Assume that o(\/t) defines a conver
function. If z and w are complex numbers, then

(31) o(lz + wl) + ¢(lz —w]) = 2¢(]2]) + z¢(|w]).

If o(\/t) is concave, the reverse inequality holds and in the case that
convexity or concavity is strict, equality holds in (31) if and only if zw = 0.

PROOF. By the convexity of ¢(1/t), we have

w4z —w?, 1
(BT L ul) + oV =)

= 2(p(lz +wl) + oz — w))).

Since ¢! is increasing,
1 JetwPHlz—wE |z +w]® + |z —w]* 1
(12 + [w?])z = ( 5 )z =9 e(( 5 )?)]
ot
(32) <¢ 1(§(<P(|Z+w|)+<ﬂ(|z—w|))

For any continuous convex function 1, which is zero at zero, if r < s < ¢,
then

W(s) —p(r) _ p(t) —9(r)

s—r - t—r
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3.2. LAMPERTT’S RESULTS 51

It follows from the convexity of ¢(v/t) that #Qt) is decreasing, and in fact
strictly decreasing if the convexity is strict. Now we observe that for any
function f defined on the positive reals, if =1 f(¢) is decreasing, we have

(t+s)7 " flt+s) <t f(E)

and
(t+ )7 f(t+5) <57 f(s).
Hence,
(t+s)[(t+s)T ft+ )] <t t7 () + 5057 f(s)
or simply

ft+3s) < () + f(s)
We apply this fact to the function f = [¢~1]2 which leads to
(e Hell2D) + e(lw))? < [~ e (l2D]* + [~ (lw])]*.
Upon taking square roots we arrive at the inequality
(33) ¢ eIz + e(lwh)] < (2° + [w]?)?.

Combining (32), (33) and the fact that ¢! is increasing we obtain (31). If the
convexity of ¢(y/t) is strict, the inequalities we have obtained are also strict,
unless z or w is zero. For the case where ((v/t) is concave, the inequalities
are reversed. O

Given a g-finite measure space (2,3, 1) and a function ¢, we can define
a functional I on the measurable functions by

(34) 1) = [ ol du.
Let L¥ denote the measurable functions f for whch I(f) is finite.

3.2.2. THEOREM. (Lamperti, Clarkson) Let ¢ be a continuous, strictly
increasing function defined on [0,00), with p(0) = 0, and ¢(v/t) convex. If
f+gand f—g are in L?, then

(35) I[f + 9]+ I[f — 9] = 21[f] + 2I[g].

If o(\/t) is concave, the reverse inequality is true. If the convexity or concavity
of (V1) is strict, then equality holds in (35) if, and only if, f(t)g(t) =0
almost everywhere.

PROOF. Let ¢ be given as in the hypotheses and suppose (/1) is convex.
If f4+ g and f — g are in L¥, then

/{<P(|f(t) + 9@ + () — 9] — 2(fB)]) — 2 (lg(®)[}dp = 0

since the integrand is nonnegative by 3.2.1. This inequality is clearly equiva-
lent to (35). For equality to occur, we must have the integrand equal to zero
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52 3. THE L? SPACES

almost everywhere and as we have seen, this happens if and only if f(t)g(t) = 0
almost everywhere. The case where ¢(1/t) is concave is treated similarly. [

We intend now to make use of Theorem 3.2.2 in the case for which ¢(t) =
P, where 0 < p < oo. In case p > 2, t3 is convex while it is concave for
0 < p < 2. The key will be to use the case where equality occurs in (35),
which then leads to the disjoint support property.

3.2.3. DEFINITION. Let (Qq,%1, u1), (2, 3o, o) denote measure spaces.
A set map T from 31 into X defined modulo null sets is called a regular set
isomorphism if
(i) T(U\A) =TUH\TA forall A€ ¥,.
(i) T(U An) = U, T Ay, for disjoint Ay, € 3.
(iii) pa(TA) =0 if and only if u1(A) = 0.

We say T is measure preserving if pq(A) = p2(TA) for all A € ;. All
set equalities and containments are understood to be modulo null sets. It may
be useful to observe some properties of a regular set isomorphism 7.

3.2.4. REMARKS. Properties of a reqular set isomorphism.

(i) fAC B, then TACTB,

(ii) The item (i) above holds even for nondisjoint A,

(iii) (N Ar) = N7 (TAy) for all sequences {An} in 31,

(iv) TANTB =0 if and only if ANB =0.

(v) The regular set isomorphism T induces a unique linear transforma-
tion Ty from the X1 — measurable functions into the Y9 — measurable
functions (actually equivalence classes) for which the following hold:

(a) Tyxe = x7(B) for dll E € ¥y;

(b) if {fn} is a sequence of ¥q-measurable functions such that fp, —
f ae, thenTyf, =TV f ae.;

(c) (I f)~Y(B) = Ty (f~Y(B)) for every Borel set B in F;

(d) T1(fg) = (1 f)(Trg) and Ty f = T1 f for all $1-measurable func-
tions f,g.

(e) Th(|fD) = IT1(f)| for all Xy-measurable functions.

The operator T3 discussed in (v) above will be of great importance in
what follows. One method of defining 7} is to let

(36) Tif(t) =s, ift € (NessT(F (=00, 7))\ Urcs T(f 1 (—00,7]))

where the 7’s represent rational numbers. The properties (v)a,(v)b,(v)c,(v)d,
and (v)e can be verified directly from this definition. Note that 7} is a positive
operator.

Another approach, where we assume u; is finite, is to consider the mea-
sure pu1 o T~! defined on T'(X1) which is absolutely continuous with respect
to po by part (iii) of Definition 3.2.3. By the Radon-Nikodym Theorem, there
exists a T'(%;)-measurable function g defined on T'(€;) such that

i (T=1(B)) = /B 9(®)dpa(t) for all B € T(Sh),
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3.2. LAMPERTT’S RESULTS 53

Let g(¢t) = 0 for all t € Q2\T(1), so that we have g is T'(¥;)-measurable
when restricted to T(X;) and ¥g-measurable on 3. Define a measure v on
22 by

WE=LMWW
Then

V() = /Q oty = /T o A0 = () <o

Thus v is a finite measure and if we let T1(x4) = x74 and extend T} linearly,
we see that it is an isometry on the class of simple functions in LP (1, 31, u1)
into LP (2, Xo, v). By the density of the simple functions, we can extend T}
to an isometry on all of L? ({2, 3, u1). Note that this transformation must
be the same as the one defined by (36) since it agrees on the simple functions
and 3.2.4(v)b shows it must extend in the same way.

If h is a Yo-measurable function such that

/T I Pds = /T ot

for every A € Xy, where g is as defined above, then for any nonnegative
Yo-measurable function F',

/ F(®)|h()Pdua = / F@)g®Odus = [ F(t)av.
TA TA TA

Letting F = |7 f|P, we see that

(37) Sf(t) = h)T1f(?)

defines an isometry from LP(Qq, X1, p1) into LP(Qg, Yo, p2).
We are now ready to state and prove Lamperti’s theorem. We assume
that the measure spaces are g-finite.

3.2.5. THEOREM. Suppose U is a linear isometry from LP(Q1,3%q, 1)
into LP(Qa, Xo, po) where 1 < p < oo, p # 2. Then there exists a reqular set
isomorphism T from 31 into 3o and a function h defined on Qo so that

(38) Uf(t) = h®)T1f(t)

where 11 denotes the transformation induced by T and h satisfies

T—l
(39) / |h|Pdp2 = / Mdug =1 (A) foreach A € %y.
TA TA dpa

Conversely, for any h and T as above, the operator U satisfying (38) is an
isometry.

Proor. First we assume that p1(1) < +oo. Given A € %y, we let
TA=suppUyxa. f A,Bc Xy and ANB =), then

[xa+xBl5+1xa—xslp=2xal}p+2] x5} -
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54 3. THE L? SPACES

Since U is an isometry, we have
[ Uxa+Uxsllp + 1 Uxa—Uxs l3=21Uxall; +2[ Uxs I}

and by Theorem 3.2.2, equality in this ”"Clarkson Inequality” implies that
Uxa and Uxp have disjoint supports (at least modulo sets of measure zero).
It follows that

T(AUB)=TAUTB,

where again, as throughout this argument, the set equalities are understood
to be correct except for sets of zero measure. From this, it is easily seen that
T(O\A) = TO\T(A), which is 3.2.3(1). If A is a countable disjoint union
of sets in Xy, say A = (J{° An, then x4 = Yx4, and continuity of U gives
Uxa = X°Uxa, . From this we see that TA = | J{° T'A,, and (ii) of Definition
3.2.3 is satisfied.

Next we observe that if us(T°A) =0, then Uxa = 0 a.e. (u2) and so

0= [ 10xalanz = [ PxaPdia = pu(4).

Conversely, p1(A) = 0 implies u2(T'A) = 0. We conclude that T is a regular
set isomorphism.

Since u1(21) < 400, x0, = 1 € LP and we let h = Uxq, = U(1). For
any A € 31, h(t) = Uxa(t) + Uxa,\4)(t), and since the functions on the
right have disjoint support, Uy 4(t) agrees with h(t) whenever Ux 4(t) is not
zero. Therefore,

Uxa(t) = h(®)xra(t) = h(t)Tixa(t) a.e.

and by linearity of U, (38) must hold for every simple function. Since U is an
isometry, we have

/ [W(O)Pdpz =|| Uxa [P=[l xa IIP= p1(A) = i (T~H(TA)) =/ 9()dpa,
TA TA

dunoT™) p li ks, the transformation S given b
dpia . y our earlier remar S, e transiormation glven y

(37) is an isometry which agrees with U on the simple functions, so U = S
and (38) must hold for every function f in LP(2y, X1, p1). We see also that h
satisfies (39).

In the o-finite case, we assume ; = (J€, where Q; C Q] for each
n and follow the standard procedure. For each n, the isometry U induces
an isometry U, on the finite measure space LP(2,,%!  p1), so that by our
previous work there are, for each n, a function h, and a regular set ismor-
phism T}, such that U, f,,(t) = hn ()T}, fr(t) for almost all t € 2, and where
fr denotes the restriction of an L?(€;)-function to €, and T, denotes the
operator induced by T,,. If we let T'(A) = ;" Tn(A N Q) and h(t) = hy,(t)
for t € T(£2,), with h(t) = 0 for t € Q\T'(€1), then both (38) and (39) are
satisfied.

The converse statement is simply the statement about the operator S
given by (37). O

where g =
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The Radon-Nikodym derivative %7;1) is often called the conditional

expectation of |h|P given T'(31) and is denoted by E[|h|? | T(%1)].

3.2.6. EXAMPLE. (Grzaslewicz) The function |h|P need not be measurable
with respect to the o-algebra T(Xq).

PRrROOF. Let X, X5 denote Lebesgue measurable sets on [0, 1] and [—1, 1],
respectively, and consider the measure spaces ([0, 1], X1, A) and ([—1, 1], Xz, A)
where ) is Lebesque measure. For a given r with 1 < r < o0, let a, b, o, 3 be
positive real numbers such that

aad +8b =1
Define T on ¥ by T(A) = (—a)A U BA and
if —1<

h(t) = a, 1 <t<0

b, ifo<t<1

Then T is a regular set isomorphism of 3; into s and the linear operator
defined on L"[0, 1] into L"[-1, 1] by

Uf(t) = h(®)T1(f)(®)

is an isometry. The conditional expectation E[|h|" | T(31)] is given by
aa +5Y  Note that h is not measurable for T(%;).

a+f
If for 1 < p < q we choose «, 3 so that
ad? + Y = 1 and
aa? + /b4 = 1,

the construction above gives an isometry U on L?[0, 1]NL%[0, 1] into LP[—1, 1]N
L%][—1, 1] which is an isometry for no r different from p or ¢. The choice of a, b
to make things work is a bit delicate for we must have «, 8 both less than or
equal to 1. In fact 5 < 1 always holds, but to get « < 1 it suffices to choose
1<b<(%)ﬁ and a = (1 —¢) wheree<1—(§) bla—p), O

3.3. Subspaces of L? and the Extension Theorem

Following the same line of inquiry as in the previous chapter, we now wish
to examine the structure of linear isometries defined on subspaces of L? spaces.
Of crucial importance in this development is the idea of equimeasurability.

3.3.1. DEFINITION. Let (Qq,%1, 1) and (Qa, 32, pue) be finite measure
spaces and let T denote the scalar field (either R or C). Given F-valued func-

tions f1, fo, ..., fn measurable for 31 and F-valued functions ¢g1,92,--. ,9n
measurable for Yo, we let F be the n-valued function given by F = (f1,..., fn)
and similarly, G = (g1, ... ,9x). Then we say that F and G are equimeasur-

able if py (F~1(B)) = u2(G=1(B)) for all Borel sets B in F™.
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We begin with a theorem concerning equimeasurability that generalizes a
theorem of Rudin. We will follow the work of Hardin in this section although
contributions have been made by a number of authors. (See the notes following
this chapter.)

3.3.2. THEOREM. (Rudin-Hardin) Let (1,31, 1) and (Qa, Xa, ua) be
finite measure spaces while F = (f1,..., fn) and G = (g1, ... , gn) are n-tuples
of F-valued functions in LP (1, 31, p1) and LP(Qa, Yo, u2), respectively, where
0 <p < oo and p is not an even integer. If

(10) [ s = [+ > g Pdus
& j=1 Q22 j=1
for all A,... , An €F, then F and G are equimeasurable.

If we define o, 8 on the Borel sets of F™* by
o(B) = pa{t: (A(t),..., fa(t)) € B}

and

B(B) = pa{t: (g1(¢),... ,gn(t)) € B}.

Then «, 8 are Borel measures on F™. The following theorem is equivalent to
Theorem 3.3.2.

3.3.3. THEOREM. Letp satisfy 0 < p < oo where p is not an even integer.
If o, B are positive finite Borel measures on F™ such that

@y [ e Ynspde@ = [ 1+ D sl dsla) < oo

j=1
for all (M1, Ae, ... \) € F*(where z = (21, ... ,2n) € F®), then o = 3.

Theorem 3.3.3 is a special case of Theorem 3.3.2. To see that it implies
3.3.2, it suffices to observe that for any simple function ¢ on F",

/ oda(z) = /Q (o F) ()

where F' = (f1, fa, ..., fn) and similarly for 3, pue, and G = (g1, 92, .- , gn)-
(Here we assume «, 3 are defined in terms of p1, uo as indicated just prior to
the statement of Theorem 3.3.3.)

In the proof of Theorem 3.3.3, use will be made of Fourier Transforms
and in that connection, the space F”* will be considered as either R or R?"
depending on whether F is the real or the complex field. We follow the treat-
ment of Fourier Transforms for R™-valued functions as given by Rudin [274)]
and measures as given by Billingsley [34]. In preparation for the proof we
state two lemmas.
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For any two finite measures «, 3 on F, we write o ~ 8 if (41) holds for
all \; € F (where n = 1). Let M denote the set of all bounded, continuous
real valued functions f in L(F, dz) such that

/f Jda(x /f )dB(z

whenever « ~ 3. Here, dz denotes the Lebesgue measure on F.

3.3.4. LEMMA. If f € M and 0 £ t € F, then fi(z) = f(t + z) and
f®(2) = f(t2) are also in M.

Proor. For a given ¢t # 0 € F*, let ay(B) = «(t + B) for all Borel sets
B C F. Then for a measurable function f we must have [ f(2)da:(z) =
[ f(z — t)da(z) and similarly for 3. Now suppose o ~ 3. We want to show
that o ~ B;. Since (41) holds for «, 8 and n = 1, we have

/ 11+ Az[Pdan(z) / 14 Az — B)Pda(2) / (L= A8) + AzlPda(2)
/|1—>\t+>\z|pdﬂ /|1+>\z|pdﬂt()

except for the case where (1 — At) = 0. For this we need to show that
Ji 121Pda(z) = [fi |z[PdB( ) We sketch this argument for the complex case.

Since [, |9+ z|Pda(z) = [; |g+ z[PdB(z) < +oo for any nonzero g,
and since |¢ 4+ z|? > |z]? on Rz > 0 for ¢ > 0, while | — g+ 2|? > |z?
for Rz < 0, we conclude that [, |z|Pda(z) and [, |2|PdB(z) are finite. Then
for ¢, — 0, |grn, + 2P < 2P(1 4 |z|P) for all n, where ¢, < 1 and we get
Ji 1z[Pda(z) = [ |2|PdB(2) from the Lebesgue Convergence Theorem.

Now if f € M, then f; is bounded, continuous, real valued and in

L'(F,dz). Furthermore,

/ft Yda(z /ft+zda /f Yday(z
— [ srasi(: /ft+zdff — [ s,
so that f; € M.

The proof that f® € M is similar. O
3.3.5. LEMMA. For p not an even integer, M has a nontrivial element.

ProOF. The idea is to show that we can find scalars A7,..., Ay and
a1,az2, ... ,an so that f(z) = fo:l @m |l 4+ Amz|P is bounded, continuous, in
L, and nontrivial In that case we will have f € M since [; f(z)da(z) =

f]F z) by (41).
For |z| < 1, we write

(42) |14z =[1+2)1+2)]2=1+2)2(1+2)% = Z biby2* 2
k,k'=
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P
where b, = (i) and Z denotes the conjugate of z. (We carry the argument

for the case where F is the complex field.) When |z| > 1, we have |1 4 z|P =
|2|P|L + z71|P and so

(o]
(43) |1+ 2P = Z beby, |27z k27
k,k'=0
Choose N to be an integer greater than p+ 3. For real numbers a1, as, ..., ay
form f(z) = 3.7 | am|l 4+ mz|P. From (43) we get
(44) Z biby ( Za P~ k) |5 |p o=k 5=k
k k=

for |z] > 1.

Now choose particular a1, as, . . . , ay as a nontrivial solution to the system

n
> ammP =0 j=0,1,2,...,N -2
m=1
and use these in the definition of the function f.
In the power series expansion in (44), the coefficients of |z|[Pz~%z~*" are
zero for k+ k' =0,1,... ,N —2. Now N — 1 > p+ 2 so we have for |z] > 2,

N
F@I< Y belbrl O am 2P~

k+k’'>p+2 m=1
< constant |z|? Z (n+1)]z]™"
n>p+2

< constant |z|l’—([p]+3)
< constant |z| ™2

It follows that f is bounded and in L', and since f is clearly continuous, we
need only show that f is nontrivial. If we restrict f to the real line, note that
for p an odd integer, the pt* derivative of f will have a discontinuity, while if
p is not an integer, the ([p] + 1)** derivative will have a discontinuity. Thus f
cannot be identically zero. O

It is important to note here that if p is an even integer, then the function
f constructed in the proof above is identically zero. It is only at this one
juncture that the hypothesis that p is not an even integer comes into play.
We are finally ready to give the proof of Theorem 3.3.3.

PRrROOF. The plan is to show that the Fourier transforms & and ﬁ are
equal, from which o = 3 by the uniqueness theorem for Fourier transforms.
Assume n = 1. For any f € M we have

frallt) /ft—zda /ft—zdﬂ 2) = f* (%)
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by Lemma 3.3.4. It follows that
Fw)a(w) = f(w)B(w)

for all w € F and f € M. Because of (41), (0) = 5(0) and so we can show
& = (3 if we can show that for each nonzero w € F, there exists feM
with f(w) # 0. Let w # 0 be fixed in F. Now by Lemma 3.3.5), there is
a nontrivial function ¢ in M which must therefore have the property that
G(wg) # 0 forsomewy #£0inF. If t = wwo , then the function f = ¢) € M

and f(w) = %24(wo) # 0.
For general n and A = (A1, Ag,..., \y) € F", define ay andf, on the
Borel sets of F by

ax(B) = a{z=(21,...,2n) €F": i)\ij € B}) and

BrB) = Bz=(a1,...,2) €F*: Y Nz € B}).

Then usual consideration for characteristic functions and simple functions
leads to

[ 1o vepiat) = [ fadastw), f € 1 F,00) and
o F

JRDRYOLEE

Let f(w) = |1 +tw|? for a fixed ¢ € F. Then using (41), and the two equations
above, we can conclude that

/|1+tw|pda>\ /|1+tw|pdﬂ>\( )

/F F(w)dBr(w), f € L' (F, By).

By what we have already shown for n = 1, we must have o) = () for all
Aelm.

Now let f(w) = e R, (In the complex case we are considering our
measures as defined on R?", so we write our complex numbers as pairs and
interpret the product accordingly.) Thus for any A € F",

a(\) = / e~ (T Xi%) gy (z)

= [ 13 Nepdata) = [ fw)den.w)

j=1
- [ fwasn.(w /fz — B
where \* = (A1, Ag, ..., \n). Hence o = 3 and the proof is complete. O
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We now state a corollary which extends Theorem 3.3.3 to the space F*°
of all sequences z = (21, 22, ...) of elements of F, endowed with the product
topology.

3.3.6. COROLLARY. If o, B are positive, finite Borel measures on T, if
p >0 is not an even integer, and if

N N
/ |14+ E )\jzj|pda(z):/ |1+ E Az [PdB(z) < o0

j=1
for dll N and Ay, ... , AN €T, then a = .

ProOF. For each positive integer N and each Borel set B in FV, let
an(B) = a(B), fn(B) = B(B) where B = {(z1,22,...) € F® : (z1,...,2n) €
B}. By Theorem 3.3.3, ay = B for all N. Thus «, 3 agree on the field of
all cylinder sets of F*° and hence must agree. O

3.3.7. COROLLARY. Suppose p > 0 is not an even integer. Let M be a
subspace of LP(Q131, u1) which contains the constant functions. If U : M —
LP (X0, uo) is a linear isometry which takes 1 to 1, then F = (f1, fa2,...)
and UF = (Uf1,U fa,...) are equimeasurable for all f1, fo,... in M.

PrOOF. Let a(B) = ui(F~YB)) and B(B) = u2((UF)~1(B)) for all
Borel sets B of F*°. The result follows from Corollary 3.3.6. O

We now give an example to show that in 3.3.7 (as well as the preceding
results), the condition that p is not an even integer cannot be removed.

3.3.8. EXAMPLE. (Rudin) When p is even, the conclusion of Corollary
3.8.7 can fail.

PROOF. Let 3 = Q3 = (0,00),F = R and for ¢ € [-1,1] let dA.(¢t) =
t3e7*(1 + csint)dt. For a # b with a,b € [-1,1], let u1 = A\, and pa = N,
and let p be any even positive integer. Let M be the algebra of polynomials
coteitt+- - +emtt™ c; € Rand let U : M — M be the identity map. Then
f(t) =t*isin M, but f and Uf are not equimeasurable. This fact rests on
the identity

(o]
/ t*~le~tsintdt = '(s)27 sin %T
0

eit_

which can be proved by replacing sint with 25_“ and applying Cauchy’s
Theorem. Then it can be shown that

oo oo
/ |lg|**dpy = / |g|**dps
0 0

for every g € M and every k = 1,2,.... However,

/Ooof%dm 4 /Ooof%duz
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which is enough to conclude that f and Uf = f are not equimeasurable. (If
f and g are equimeasurable, then [(h o f)dus = [(h o g)dus for every Borel
measurable function h.) O

In preparation for the main theorems in this section, we introduce some
useful and special notation. If S is a collection of subsets of a set €2, then
¢(S) will denote the smallest o-algebra on € which contains S; i.e., the o-
algebra generated by S. If M is a collection of F-valued functions on 2, then
¢(M) will denote the smallest g-algebra on €2 for which each function in M is
measurable.

3.3.9. THEOREM. Let (Q1,%1, 11), (Q2, 3o, ue) be finite measure spaces
and M o subspace of LP (1,31, u1) which contains the constant functions.
Suppose that 0 < p < oo and p is not an even integer. If U is a linear
isometry from M into L?(Qa, Yo, po) for which UL =1, then U has the form

Uf=Tf

where T is induced by a measure preserving regular set isomorphism of o(M)
onto o(U(M). Further, the induced Ty is the unique extension of U to an
isometry from LP(c(M)) onto L?(c(U(M))).

ProoF. Suppose C = {f1, fa,...} is a countable collection of functions
in M. Then o(C) = {F~YB) : B a Borel set in F*°}, where F(t) =
(f1(t), f2(¢),...). Hence for any E € a(C), there is a Borel set E C F*° so
that £ = F~1(E’). We define a set map T¢ : 0(C) — o(U(C)) by

To(E) = (UF)"'(E"),
where UF(t) = (Uf1(t),Uf2(t),...). f E = F~Y(F') = F71(E"), then
p(FHE'AE")) = n (BAE) =0
and by Corollary 3.3.7,
p((UF)HENAUF)HE")) = p2((UF)"H(E'AE")) =0

as well. Hence T is well defined.
Furthermore, we also see by Corollary 3.3.7 that for any E € ¢(C),

p(E) = m(FH(E) = pa((UF) " (B)) = p2(Tc(E)).

Thus T is measure preserving and it is straightforward to verify that T is
a regular set isomorphism on o(C) to o(U(C)). The explicit description of
elements of o(U(C)) shows that T must be surjective. Now T (€2) = Qo,
so that the operator induced by T (also denoted by T¢) must map 1 to 1,
and is an isometry on the simple functions determined by o(C). It follows
that T defines an isometry on L?(o(C)) which is onto LP(a(U(C))) (since
the set map T¢ is surjective).
By part (v)c of Remark 3.2.4, we see that for a given j,

(Tef;)7H(E) = To(f 1 (B)
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for every Borel set F in F. For such a Borel set E and a given j, let Ej denote
the Borel set in F*° which is a product of Borel sets in IF where each factor is
F except in the jth position where the entry is E. Then

(Tefi) T (E) = To(fH(B) = To(FTH(Ey)) = (UF) ' (E;) = (Uf) 7 (B).

Since (Tof;) Y (E) = (Uf;)""(E) for all Borel sets E, we conclude that
Tcf; = Uf; for each j. Hence we can see that T is an isometry on L? (¢ (C"))
into L?(X2) which agrees with U on the closed linear span of {1, f1, f2,... }.

At this point we wish to show that T~ is the only such isometry. Assume
that V' is another isometry on LP(¢(C)) which agrees with U on the closed
linear span of {1, fi1, fa,...}. Suppose E is any set in o(U(C)) and f €
LP(5(C)). For any Borel set A in I, we have £ = (UF)~1(E’) for a Borel set

E’ and

pe(Te f)"H(A) N E) = pa({t : (Tef(),UA(),...) € Ax E'})
=m({t: (f(¢), i(t),...) € AX E'})
= pe({t: (VI(),VA®),...) € Ax E'})
= pe({t: (VS®),UA®),...) € AXE'})

=m((VH™(A) N E),

where the second and third equalities above hold because of Corollary 3.3.7.
Since (Tcf)~1(A) and (Uf)~1(A) are both in o(U(C)), the above equality
for all E € o(U(C)) implies that ua((Tef) 1 (A)AWVF)~1(A)) = 0 and we
have (Tof)~1(4) = (Vf)~1(A) for all Borel sets 4 in F. We conclude that
Tef=V{f.

To finish the proof we must show how to define the operator T on
L?(g(M)). Given f € LP(g(M)), it follows by a theorem given by Doob
[87, p.604] that there is a countable set C' = {fi, fa,...} C M such that
f € 0(C). We define T by

Tf=Tcf

where T is the unique operator defined above. If C’ is another countable
collection for which f € ¢(C”), the uniqueness of the operator Toycr leads
to the conclusion that T (f) = Tor(f) and T is well defined. If S is another
such isometry which agrees with U on M, then it follows that for any C' =
{fi, far-..} C M, S restricted to L?(c(C)) must be T¢, and so S = T.
Finally, by Lamperti’s Theorem 3.2.5, the operator T is induced by a regular
set isomorphism which necessarily maps o(M) onto o(U(M)), so that T maps
L?(o(M)) onto LP(a(U(M)) as advertised.

O

Our goal now is to relax the assumptions of Theorem 3.3.9, and char-
acterize isometries on an arbitrary closed subspace of LP(u1). Again we can
obtain an extension to an explicitly defined subspace. For this we will need
some new definitions.
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3.3.10. DEFINITION. Let (2, %, 1) denote a measure space.

(i) An element f of a collection M of measurable functions on  is said
to have full support in M if f € M and supp(g)\supp(f) is a null set
for any g € M.

(ii) The ratio o-algebra generated by M is the o-algebra p(M) = a{(f(%) :
frg€ M}. Welet R(M) denote the set of all p(M)-measurable func-
tions on 2.

(iii) If f, s an element of full support in M, we let p(M) denote the el-
ements of p(M) intersected with supp(f,), and R(M) denotes the set
of p(M)-measurable functions.

Note that p(M) and R(M) are independent of the choice of f,, p(M) C
p(M) Ca(M), and R(M)-M = R(M)-M since supp(f,) is p(M)-measurable.

Our first task is to show that elements of full support actually exist.

3.3.11. LEMMA. (Hardin) Let (2, X, 1) denote a o-finite measure space
and suppose M is a closed subspace of LP(u) for some p, 0 < p < oco. Then
there exists an element of full support in M.

PrROOF. Since p is o-finite there is a finite measure & which is equivalent
to u (i.e., each of i and p are absolutely continuous with respect to the
other). For a finite subset B of M let s(B) = ji(Uscp supp(f)) and let
s = sup{s(B) : B is a finite subset of M}. Let {B,} be a sequence of finite
subsets of M such that s(B,) < s(Bp41) for each n and s(B,,) — s. It can
be shown that for the countable set C' = ] By,

(supp(9)\ | supp(f)) =0

fec

for any g € M. By the equivalence of y and [i, we get that

p(supp(9)\ | supp(gn)) =0

n=1

for any g € M, where C = {g1,92,...}. Now let f, = (2”||gn||p)%gn for
each n so that Y ;7 || fall? < 4+o0. It follows that sup{|fn(t)|} < 400 almost
n

everywhere (u).
For each n, let r,,(w) be the linear function defined on [0, 1] with r,(0) =
—27" and (1) = 27™. Define g on [0,1] x Q by

9(w, 1) = D ra(w)ful®)

where the series converges and zero elsewhere. Then the series converges
almost everywhere on [0, 1] x Q with respect to the product measure A x
where A is Lebesgue measure on [0, 1].
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Let

S = supp(fa),

A= {(wt) € [0,1] xS glwt) =0},
Ay ={w € [0,1]: g(w,t) =0}, and
A ={te S: g(w,t) =0}

Then >°7° rn(w) fr(t) converges for almost all ¢ in S and for such t, the mea-
sure A(g~1(-,t)) is absolutely continuous with respect to Lebesgue measure on
F, so that we must have \(4;) = (g~ 1(-,¢))({0}) = 0. It now follows from
Tonelli’s Theorem that

0= /S A(Ar)dp(t) = /A d(\ % ) = /[O’l]u(A’”)dA(w)

from which we may conclude that pu(A™) = 0 for almost all w in [0, 1]. Hence,
we may choose w, € [0, 1] for which u(AY°) =0 and let

fo(t) = Z Tn(wo)fn(t)

if the series converges, and zero otherwise. This function f, € M and has full
support in M.
O

3.3.12. LEMMA. Suppose {fn} and {gn} are sequences in LP (u) and L (v),
respectively, where 0 < p,q < 0o, and p,v are o-finite. Let M, N be the closed
linear spans of the sequences {fn} and {gn}, respectively. Then there ex-
ists a sequence {an} of real numbers such that the sums fo = Y anfn and
Jo = Y Gngn converge a.e. in LP(u) and L1(v), respectively, and define func-
tions of full support in M and N, respectively.

ProOOF. We may assume that ) || f»[|5 and ) ||g.||2 both converge. De-
fine the functions {r,} as in the proof of the previous lemma and obtain w,
as in that proof so that u(A*°) and v((A")¥) = 0. Let a,, = ry(w,) for each
n. O

Now we show that an isometry must take functions of full support to
functions of full support.

3.3.13. LEMMA. Let M be a closed subspace of LP(1,%q, 1) and U a
linear isometry of M into LP(Qa, Yo, u2). If 0 < p < 0o and p is not an even
integer, and if f, has full support in M, then U f, has full support in U(M).

Proor. Let g1 = U f1 be any element of U (M) and let g, = U f,, where
fo is an element of full support in M. By Lemma 3.3.12 we may find constants
@, a1 such that the functions fo = a,f, + a1 f1 and g = a9, + a191 have full
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support in sp{f,, f1} and sp{go, g1}, respectively. Since U is an isometry, we

have
1 p
/ ‘1+Afog adn = [ 12+ Mol

= / lg2 + Ago|Pdpe

1
= [ 1+ 20—
/‘ 90 0

for all A € F. Note that the products f, (J,%) and g, (g%) are finite a.e.

because supp(f,) C supp(f2) and supp(g,) C supp(ge) (except possibly for
null sets).
If we let dvqy = | fo|Pduq and dve = |ga|Pdus, the string of equalities above

shows that the linear transformation which takes 1 to 1 and f, (f%) to g, (g%)

p
|g2[Pdpo

is an isometry on sp{1, f, (f%)} as a subspace of L?(vq) into LP(vs).

Using Corollary 3.3.7 once again, we see that the functions g, (g%) and

fo (f%) are equimeasurable for v and v, so that

va(ft (go (gi)) () = 0}) = m({t : (ffi) (t) = 0}) =0,

where the last equality comes from the definition of v and the fact that
supp(f2) C supp(f,). From this it follows that pa({t : (gog%) (t) =0}nN
supp(ge)) = 0, so that, except for null sets,

supp(g1) € supp(g2) = supp(go)-
m

We are finally ready to state and prove the main result of this section.

3.3.14. THEOREM. (Hardin) Suppose U is a linear isometry from a closed
subspace M of LP(Q1, X4, u1) into LP(Qa, 3o, p2) where 0 < p < oo and p is
not an even integer. Then U has a unique extension to an isometry U on
R(M) - M N LP (1) which maps onto R(U(M)) - U(M)NLP(us2) and satisfies

(45) U(rf) = (Tir)(Uf)

for any r in 7~2(M ) and f € M. The operator Ty is induced by o regular set
isomorphism T of p(M) onto p(U(M)) and

d(psoT™1)

(46) E (IUfI” o

p(U(M ))) =

for all f € M where duy = |f|Pdp.
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PrOOF. By Lemma 3.3.11, there exists f, € M with full support in
M. We will assume that supp(f,) = @1, which is clearly possible without
any loss in generality. With this assumption we have p(M) = p(M) and
R(M) = R(M). Let M, {ff : f € M}. We observe that for any

frgeM, f. % = (f%) ( ) from which it follows that o(M,) = p(M).
Ifrf e R(M) oMﬂLP(,ul, then

ﬁz(ff)ﬂ—mﬁ

where r, is p(M)-measurable. Hence,
R(M)-MNLP(u1) = S(fo) ={rofo € LP(p11) : 1o is o(M,) — measurable}.

Let duo = |folPduy and dvy = |UfolPdps. We define G, = {Uf - 7 :
f € M} and note that by Lemma 3.3.13, Uf, has full support in U(M)
so that the functions in G, are finite almost everywhere. Now M, and G,
may be regarded as subspaces of LP(u,) and LP(v,), respectively, and each
contains the 1-function. If we define U, on M, by U, ( f- %) =Uf (ULJ,O),
we can see that U, is an isometry of M, onto G, and U,1 = 1. We apply
Theorem 3.3.9 to obtain a unique extension of U, to an isometry 7 from
L?(a(M,), uo) onto LP(o(G,), v,) which is induced by a measure preserving
regular set isomorphism T of (M,) = p(M) onto o(G,) = p(U(M)).
Next we define operators V,, : S(f,) — LP(c(M,), 1) by

wr=1(7)

and W, : LP(a(G,),v,) — LP(us2) by
Wof = fUfo.

It is straightforward to show that V, and W, are surjective isometries and
that U = W,T1V, is an isometry from S(f,) into Lp (p2) which extends U. If
7 € R(M) and f € M we have, letting ro = rf - +-, that

0(7'f) =W, 1 V,o(rofo) = Wo(Tir,) = T1(r,)U (fO)

=Ti(r) (T1 ( ;)) Uf, (by 3.2.4,(v)d)
oo (1) o
=Ti(r)U(f)

which establishes (45). Note that 71 (r) € R(U(M)) and U maps R(M)- M N

LP(p1) onto R(U(M)) - U(M) N LP (p2).
Now let us assume that V' : S(f,) — L?(ue) is another isometry which
extends U to S(f,). Then W, 'VV =1 is an isometry from L?(c(M,), 1) onto
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L*(o(Gy),v,) which extends U,, and so must equal 77 since 77 is the only
such isometry by Theorem 3.3.9. Hence, V = W, 71V, = U, and U is unique.
To complete the proof we wish to establish (46). Let A € 5(U(M)). Then

(15 0 T~)() = (T (4)) = | o M
=/I><T—1(A>f|”du1 =/IU(XT—1(A>f)|”dN2
— [ 1T 020U P (by 45)
= [ xaUfPaus

= [ Wwrpdu
A
from which (46) follows.

We conclude the section by stating one last corollary.

3.3.15. COROLLARY. (Hardin) Let L?(u) and LP(v) be as in the state-
ment of (8.8.14) with 0 < p < oo, p not an even integer. If M is a closed
subspace of LP(u) which contains 1 and U is an isometry of M into LP(v),
then U has a unique extension to an isometry U from LP(o(M), 1) into LP (v)
such that

Uf=T1f Ul
where Ty is induced by a reqular set isomorphism T on o(M) such that

B (|ULP|T(o(M))) = %.

3.3.16. REMARKS. A wvery interesting application of the above Corollary
shows that any isometry U on the two dimensional subspace sp{1,t} C L?[0,1]
to a space LP(v) has a unique extension to an isometry U : LP[0,1] — LP(v),
where 0 < p and p is not an even integer.

3.4. Bochner Kernels
It is not difficult to verify that the operator U defined on L2[0, 27] by

Uf(t) = f(t) + % [(% - 1) + %e“} 0277 f(t)dt

is unitary. This operator is not in the ‘canonical” form of (38), and we see why
it has been necessary to assume p # 2 in the results of the previous sections.
Indeed, the operator U does not satisfy the disjoint support property and
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such operators cannot be in canonical form. The action can be described,
however, in terms of integrable kernels, and we examine this point of view in
this section.

The inspiration for the work here comes from Plancherel, whose famous
theorem showed how to extend the Fourier Transform from L' N L? to all of

L2, The formulas
1 d [®eist_1
o) = =5 [ reas

Vo dt —is
1 d [ efst—1
ft) = Jamdt ) s g(s)ds

define a unitary transformation of L?(—o0, c0) and its inverse. The formulas
can also be written in the classical form

g(t):# [ etsois, 0 = = / istg(s)ds

if we interpret the integrals to be the limits (in the L?-norm) of the integral
from —n to n as n — oo. We now state and prove a theorem of Bochner
which extends this kernel representation to all unitary operators on L2,

3.4.1. THEOREM. (Bochner) LetU denote a unitary operator on L?(a,b)
where —o0 < a < b < oo Then there are complex valued functions K(s,t)
and H(s,t) defined on (a,b) X (a,b) such that for g = U f, we have

(47) / t)dt = / K(s t)dt and | f(t)dt:/ H(s, t)g(t)dt

where

) f:mlf(u,t)dt - {

min{|s|, |u|} if su>0
0 if su<0
min{|s|, |u|} if su>0

i b o —
(11) fa, H(S, t)H(U, t)dt = { Zf su < 0

o

(i) fy K(s,t)dt = [; H(u,t)dt.
Conversely, for a pair H, K of kernels satisfying (i), (i), (iii) above, the
formulas in (47) define a unitary transformation and its inverse.

ProOOF. If U is unitary on L?, define H and K by
H(s,t) =Uey(t) and K(s,t) = U "e,(t)

where e, is the characteristic function of [0, s] for s > 0 and e, = —xs,¢ for
s < 0. Now, if ¢ = U f we have

(g’ eS> = (Uf’ eS> = (f’ U_168>a

while

(fres) = (U_lg’ es) = (g, Ues).
These equations give the formulas in (47).
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Now if we let f = U~ 'e, = K(u,t), then g = e, and

s b b
/0 ot)dt = / R, 0 ()t = / (s, DK (u, t)dt

so that (i) holds since fos e, (t)dt = min(|s|, |u|) if su > 0 and zero if su < 0.
Similarly (ii) follows by letting f = e, and the equalities

U b s s
/0 K (s, t)dt = / K (s, t)ew (t)dt = /0 Uew (t)dt = /0 Hu, Dyt

establish (iii).

For the converse, we define transformations U,V by letting Ue(t) =
H(s,t), and Vey(t) = K(s,t). Conditions (i), (ii), and (iii) lead to the equa-
tions

(Ves,Vey,) = (es,e4) = (Ues, Uey) and
(Ves,ey) = (€5, Uey).

Since a step function on (a, b) can be written as a finite linear combination of
the functions ez, we can extend U,V to the step functions in such a way that

(48) VIV =(fg), Uf,Ug =(fq), and (Vf,g)=(f,Ug).

By the density of the step functions in L?, we can get U,V extended to all of
L? so that the equations (48) hold for all f,g € L2. It follows that U and V
are isometries with V =U* = U1,

O

We close this section with a generalization of Bochner’s Theorem that
treats operators from LP to LY. Let (1,31, p1) and (Qg, Yo, u2) be measure
spaces and let 1 < p < o0, 1 < ¢ < 0. A subring 2y of elements of X
will be called a fundamental family for LP(uy) if the elements of 2y have
finite measure and the finite linear combinations of characteristic functions of
elements in %Ay are dense in LP.

For ¢’ such that %4— % =1, let /Ay, By denote fixed fundamental families

for LP(Qq1, 31, p1) L7 (Q2, X, u2), respectively.

3.4.2. DEFINITION. Let H = {Hp : B € Bo} and K = {K4 : A € 2y}
denote families of functions on 1 and Qq, respectively. The pair (H, K) is
called a Bochner Kernel of type (p, q) if

(i) Hp € L? (1) whenever B € By and K4 € L(us) whenever A € Uo;
(i) [ Kallf = p1(A) for every A € Ao,
(iil) If {4}y C Uo with pa1(A; NA;) = 0 for i # j, and if {N}7, are
scalars, then

p.
q’

n n
1D NEall =" Nl Ka,
1 1

(iv) If A o, BBy, then [, Hpdus = [ Kadps.
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This definition includes the kernels as defined in Bochner’s Theorem
where the fundamental families would consist of finite open intervals.

For purposes of stating and proving the next theorem, let us denote by
(-, -)p the sesquilinear form defined on L? x L by (f, 9)p = [ fg. Also, given
a bounded operator V from L? into LY, we will let V* be the operator on LY
to LP" defined by

Vige={ V9

Then V* is an isometry when restricted to the dual of the range of V' and
corresponds to the usual adjoint operator when p = 2.

3.4.3. THEOREM. (Merlo) For each Bochner kernel (H,K) of type p,q
there is an isometry U : LP(Qq, X, u1) — L4(Qa, Yo, u2) so that for f € LP
and B € By,

(19) [ Utdns = [ i,
B

and if g€ LY, A €y, then

(50) / U*gdpy = / 9K adps.
A

Conversely, an isometry U from L? to LY determines a Bochner kernel (H, K)
so that the above equations hold.

Proor. Let (H, K) denote a Bochner kernel of type p,q. For each A €
Q[o, define UXA = Kyq. By 3.4.2(11),

1
1Uxallg = [1Kallg = 11 (A)7 = [Ixallp-

Let ¢ be a simple function, ¢ = >"7" | \ixa,, where 4; € 2 for each i and
A;NA; =0 for i # j. Then by 3.4.2(iii), we have

n n

n
Ul = 11> AKallly =D INlPIEaNE =D NalPllxa,

=1 1 1
n
1

Since any finite linear combination of characteristic functions of elements of
Ao can be written in the above form, we have that U is an isometry on this
dense class. We may therefore extend U to an isometry on all of LP.

Now for A € %y and B € ‘Bg, we see that

(Uxa x5)q = / Kadpz = / Hpdis = (x4, H)y
B A

p
p

p = llell-

where the second inequality follows from 3.4.2(iv). By linearity and density,
we can get

(Ufa XB> = (fa XB>
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for all f € LP which establishes (49). Furthermore,

/ U*xpdpur = (xa, U*xB), = (Uxa, xB), /KAduz
A

Once again we extend to simple functions which are linear combinations of
elements of By and then by density so that

/ U*gdm = / gKadps
A

for all g € LY and we have (50).

For the converse, suppose U is a linear isometry from L? into L?. For each
Ae Ao, B € By define Ky = UXA, Hp = U*XB- Then K4 € LY, Hp €
L' and for f € LP we have

/B Ufdus = (Uf,xB)g = (£, UxB)p = (. Hi)p = / fHadm

so that (49) holds. Similarly we get (50) from

/A U*gdpr = (xa,U*g), = (Uxa, 9), = / 9K adus.
For any A € 2o,

[Kallg = 1Uxallg = lIxally = (11 (A))7

which is 3.4.2(ii). For a disjoint collection {4;}}_; in Ry and scalars {};},
the fact that U is an isometry implies

llZA Kallg = llzA Uxa;lg = llU(Z%XA g = llZ%XA %

=1

Moreover,

”Z)‘JXA [ ZIA Pllxa; 5 = ZIA Pl a; 118

and 3.4.2(iil) must hold. Finally,

/ Hpdpr = (xa,U*xp) = (Uxa, xB) = / K adps
A B
which gives 3.4.2(iv) and completes the proof. O

It is, perhaps, appropriate to observe that in most cases, there are no
isometric embeddings of L? into L? when p # ¢, although it does happen for
1 < g < p < 2. However, such an embedding cannot be positive. For, if
Ka, >0, Ka, >0, then

|KA1 + KA2|q 2 |KA1|q + |KA2|q
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and so

Ka Kl 2 ([l [10it) " = (a1
> Kl + 1Kl
because £ > 1. This contradicts 3.4.2(iii).

3.5. Notes and Remarks

In his treatment of isometries on the LP-spaces, Banach [21, pp.175-180]
gives the details of the proof that isometries on L?[0, 1] must take functions
with disjoint support to functions with disjoint support; the argument for the
discrete case (IP, 1 < p < o0, p # 2) is dismissed as being analogous. He
then states carefully the theorem which describes the isometries as being given
by the canonical form (30). His description includes the form of the function
h given there as having |h|? equal to what we would call a Radon-Nikodym
derivative of A - ¢! where )\ is Lebesgue measure. The proof is given for the
[P-spaces, and Banach remarks that the proof for L?[0, 1] will appear in Studia
Mathematica IV. As far as we know, this promised paper never appeared [21,
p.178].

A general discussion of disjointness preserving linear operators on vector
lattices and when they can be written in something like the canonical form
(30) is given in the paper of Abramovich [1]. This paper includes several
references to work of this type by Abramovich and his colleagues Kitover,
Koldunov, Veksler, and Wickstead, among others. In particular, Abramovich
considers the existence of the map ¢ so that f(p(s)) = 0 implies T f(s) = 0,
which is so closely linked with disjointness preserving operators T' and the
canonical form. Lessard [196] also obtains results for disjointness preserving
operators where the measure spaces are products of Souslin spaces. He gives
a version of the Lamperti Theorem in that paper.

Lamperti’s Results. Section 2 is an exposition of much of the oft-
referenced paper by Lamperti [193], in which he undertakes to supply the
missing proofs from Banach’s work, and also to generalize the results to a
broader class than LP[0, 1]. We have presented the general results of Lemma
3.2.1 and Theorem 3.2.2 from Lamperti’s 1958 paper, but limited our appli-
cation to the case of L?. Lamperti also gives the following theorem.

3.5.1. THEOREM. Suppose p(1\/t) is either strictly convex or strictly con-
cave and U is a linear operator on L¥(Q, %, u) such that I,(Uf) = I,(f) for
all f € LY (where I, is as defined in (34). Then the conclusions of Theorem
3.2.5 hold. If in addition to the other hypotheses, ¢ is of reqular variation at
either t = 0 or t = oo but is not a power of t, then the set isomorphism T
must be measure preserving, and |h| =1 a.e. on T(Q).

The notion of regular variation at 0 and oo is due to Karamata [168].
To say that ¢ is of reqular variation at t = oo means that lzm ‘p(ét)) exists for
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all ¢ > 0 and similarly for ¢ = 0. This implies that ¢(t) = t?L(t) for some p
where L has the property that L(ct)/L(t) — 1 for ¢ > 0. (We should mention
that Lamperti [193] mixes up his references and thus refers to Karamata on
page 400 when he means Hardy, Littlewood, and Polya [127].)

When ¢(t) = t? in Theorem 3.2.2 we have what is usually called Clark-
son’s inequality [74]. As Lamperti points out, for p # 2 we cannot have an
isometry from HP onto LP, since for functions in H?, equality cannot hold in
Clarkson’s inequality unless | f||, = 0 or ||g||, = 0. This answers a question
which was posed by Boas [40].

It is natural to want to express an isometry in the more pleasing form of
a composition operator as given by (30). This is possible when the regular set
isomorphism T is given by a point mapping. The paper by Halmos and von
Neumann [123] treats this question thoroughly. For example, T can be given
by a point mapping when the measure space (2, %, i) is complete and €2 is a
metric space which is complete and separable, and with respect to which u is
a regular measure which is positive on open sets. Royden [270] also gives a
good discussion of this question.

Perhaps this is a good place to mention a theorem of von Neumann [314].

3.5.2. THEOREM. Every unitary operator U on L?[0,1] which satisfies
U(f)U(g) € L? and U(fg) = U(f)U(g) whenever f,g, fg € L? can be induced
by an invertible measure preserving transformation on [0, 1].

A proof of this statement is given by Choksi [67] who was interested in
spectral properties of unitary operators on separable Hilbert spaces and when
they can be represented as in von Neumann’s Theorem. Choksi continues the
discussion in a second paper [68] in which he drops the requirement that the
transformation T' be measure preserving. Here he gets results (and gives
arguments) similar to Lamperti’s. Of course there is a close relationship
between the multiplicative property and the disjoint support condition.

Tulcea [305] observed in a footnote that a positive unitary operator on
L?[0,1] is induced by an invertible measure preserving point transformation.
A proof of this is given by Goodrich and Gustafson [116] who make use of von
Neumann’s Theorem. Choksi [68, p.797] remarks, in connection with this and
his own Theorem 2, that it might be possible that for any unitary operator
U on an abstract separable Hilbert space H, there is a representation of H as
L? so that U corresponds to an operator in canonical form.

The properties of the operator 17 induced by the set isomorphism 7' are
given by Doob in [87] as well as the explicit definition of T} as we have given
it by (36). Doob actually assumes T is measure preserving but this is not
necessary.

The proof of Lamperti’s Theorem 3.2.5 is essentially the same as originally
given, except we have treated the extension from the simple functions to all
of L? in a slightly different way. Our approach is suggested by the discussion
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in [177, p.697]. Also, we have allowed the range space to be a different L?
space, whereas Lamperti had assumed the operator to be from LP to itself.

Lamperti’s original statement of his theorem is slightly in error because
of his equating of |h|? with the Radon-Nikodym derivative d(“#q;l). (See
[57], [118].) Example 3.2.6, which shows that this equality need not hold, is
a modification to finite measure spaces of an example due originally to Grza-
slewicz [118]. Lamperti had used the statement of his Theorem to obtain a
corollary [193, Cor.3.1] which stated that if U is a transformation of measur-
able functions on (€2, %, u) which preserves the LP norm for two values of p,
then U is an isometry for all p. His argument used the canonical form (38) of
the operator and the equation

d(p o T71)
dpiz

to conclude that |h| = 1 a.e. This need not hold as the example shows.

On the other hand, Example 3.2.6 involves an operator from one LP
space to another on a different underlying measure space, which is a slightly
different setting than in Lamperti’s work. The example of Grzaslewicz referred
to above actually allows construction of an operator which is an isometry from
LP1(0,00) N LP2(0, 00) into itself for p1 # pa but which preserves the norm for
no other p. Here is how it works.

Consider the regular set isomorphism T' defined on the Lebesgue mea-
surable subsets X of (0, 00) into the class of Lebesgue measurable subsets of
(—OO, OO) by

e = = [

T(A) = —aAUBA
where «, 8 are positive real numbers. For 0 < a <1 < b, let
a, fort<0;
h t — 2 )
®) {b, fort > 0.

For any r, 1 < r < oo, we have that

r b’l”
BT} = T 2R

For a < p1 < po < 00, choose «, 3, a, b as above so that
ap1a+bp16 — ama_'_bpzﬂ =1
and define U on LP1 (0, 00) N LP2(0, 00) into LP(—o0, 00) N LP2(—00, 00) by
af(—t/a) fort < 0;
vt - {4t
bf(t/5) for t > 0.

Then U is an isometry for LP* and LP?, but not necessarily an isometry for
any other p € [1,00). Since there exists an invertible measure preserving
transformation from (—oo, o0) onto (0, 00) (Grzaslewicz suggests 7(z) = |z +
[]| as one such transformation), it is possible to define an isometry from
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LP1(0,00) N LP2(0, 00) into itself which shows that Lamperti’s corollary fails.
It would be interesting to find such an example for a finite measure space.

In one sense, the distinction between finite and infinite measure spaces
is not so important. Indeed, if (2, %, ) is o-finite, and 1 < p < o0, then
there is a probability measure ug on (€2, %) such that LP(u) and LP(ug) are
isometrically isomorphic. Furthermore, by a theorem of Caratheodory, there
is an isometry from LP(ug) to a subspace of L?([0,1], A, \) which is onto if
% has no atoms [62, p.28,40]. However, when we are interested in the actual
form of isometries, the distinctions matter.

The paper of Grzaslewicz we have been discussing treats isometries on
L (1 L7 with a special norm [||f][| = maa{|f|, | fll,} and shows that an
operator which is an isometry for both the L' and LP norms extends to an
isometry on all of L' and all of LP. Hence it must have the canonical form.
A later paper by Grzaslewicz and Schafer [119] treats the cases of L' N L>®
and L' + L* on [0, c0).

We wish to mention here some work by Carothers and several co-authors
on the Lorentz spaces Ly, , which are close relatives of the L?-spaces. In [61]
and [59] the authors use extreme point methods to characterize isometries on
L,,1. In [60] it is shown that an isometry on L., , must satisfy the disjoint
support property. Here is the main theorem from that paper.

3.5.3. THEOREM. (Carothers, Hayden, and Lin) Let U be a linear isom-
etry from Ly, 5, 1 < p < 00, into itself. Then

UF)(t) =sf*(t/a)

where o = A(supp(Ux(0,1))) and s = H Moreover, if s # 1, then

w(y) = sPaw(ay) almost everywhere.

In the statement above, )\ represents Lebesgue measure, and f* denotes
the decreasing rearrangement of f which is involved in the definition of the
Lorentz spaces. (See [200, pp.115ff].)

Generalizations of the Banach-Lamperti Theorem go in many directions.
Russo [277] considered the isometries of LP(A, ¢) for p = 1 where ¢ is a
faithful, finite, normal trace on a von Neumann algebra A and pointed out
that Lamperti had settled the question for 1 < p < o0, p # 2 for the case
where A is commutative and semifinite. Results of Yeadon [325] along these
lines will be discussed in the second volume. Indeed, Lamperti’s Theorem will
appear in a variety of places in later chapters.

Subspaces of I” and the Extension Theorem. Most of the proofs
given in this section are taken directly from Hardin’s paper [126]. Theorems
3.3.2, 3.3.3 and Corollary 3.3.7 are Hardin’s versions of Theorems I and 11 in
Rudin [275]. Throughout his paper, Hardin refers to the formulation given in
3.3.7 as “‘Rudin’s Theorem.” Rudin had consid ered only the complex case and
had assumed M to be an algebra. Plotkin actually treated these questions
earlier in a series of papers [255], [256], and [257] where he obtained similar
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results. Plotkin always assumed the subspace M to be contained in L*°. He,
too, treated the complex case, but he remarks at the end that his theorems
remain valid in the real case with some slight modifications.

The difficulties caused by even values of p are interesting. The Exam-
ple 3.3.8 was given by Rudin [275] who explains that it was suggested by
a counterexample to the uniqueness of the Stieltjes moment problem [284],
[304]. Plotkin [257] shows that his theorems can be proved for p = 2k if the
subspace M satisfies the following condition: there are at most k subalgebras
My, M, ..., My in L that contain the identity, are contained in M, and are
such that their uniformly closed linear hull contains M. In particular, if M
itself is an algebra contained in L, then the condition is satisfied.

Other papers which are concerned with equimeasurability include those
by Anderson [7], Schneider [280], Stephenson [292], and Al-Hussaini [4].

Although Plotkin [257] and Lusky [206] both treat the case of an exten-
sion of an isometry on a subspace of L? to a larger subspace, Hardin [126]
seems to have the most explicit description, both of the form of the isometry
itself as given by Theorems 3.3.9, 3.3.14, and Corollary 3.3.15, and of the sub-
space to which the original isometry can be extended. The interested reader
should also consult the work of Koldobsky and Kénig [181] for a very nice,
concise discussion of this problem, based mostly on Plotkin’s papers. As an
application of the extension theorem, we mention [180].

The notion of a function of full support and the fact that a subspace of
L? must have such a function (Lemma 3.3.11), was actually given by Ando
[9, Lemma 3]. Hardin gave a different, independent argument and it is his
which we have recorded in the proof of Lemma 3.3.11.

Hardin was motivated by some questions regarding the relationships be-
tween representations of symmetric stable stochastic processes and these ul-
timately became questions regarding isometries on subspaces spanned by the
representing functions. Hardin notes that appropriate alterations in his proofs
would make the theorems valid for the case where F is the field of quaternions.

Bochner Kernels. Plancherel’s Theorem appears in a variety of places;
the original appeared in 1910 [254]. Rudin [273, pp.187-189] gives a nice
discussion of the theorem as an extension of the Fourier Transform from L' N
L? to all of L? which is then an isometry from L? to itself. Bochner [41]
mentions it as a special case of the formulas of Watson [317]. Watson had
observed that his ‘kernel” operator represented a unitary if and only if a
certain minimum condition holds, one like those given in the statement of
Bochner’s Theorem. But Watson’s formulas did not include every unitary
(e.g., the identity operator), and Bochner put together his own fomulation
(Theorem 3.4.1) which does characterize all unitary transformations on L2.
We have followed the discussion of Bochner’s Theorem given in Riesz and
Nagy [266, pp.291-295].
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The extension of Bochner’s Theorem to the the case of operators from
L? to L? was given by Merlo [222], and it was he who defined the Bochner
Kernels of type (p,q).

The question about whether one can embed a given LP space inside of L4
is of considerable interest and many authors have treated it. We want to say
enough here to justify our remark following the proof of Theorem 3.4.3. A
good discussion is given in [199, pp.132-139], but for our purposes the clearest
presentation is probably that of Banach himself.

3.5.4. THEOREM. [21, p.202] If LP[0,1] is isomorphic to a subspace of
L2)0,1], wherep>1, ¢> 1, then ¢ <p<2or2<p<gq.

From this we get immediately that

o If P is embeddable in L? and conversely, then p = q.
o If 1 < p < 2 < ¢ then neither of LP or L? is embeddable in the other.

Banach also proved that L? is embeddable in L? for any p with 1 < p <
00. There are two cases left open:

i) ¢>p>2
(i) 1<g<p<2

The answer in the first case is negative, a result of Paley [242]. The second
case has a positive answer, with the result being that for any such p and ¢,
L? is isometric to a subspace of L9. For a proof (to which there were several
contributors), see [199, p.139]. Other relevant references include [188], [178],
[197], [236], and [181].
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CHAPTER 4

Isometries of Spaces of Analytic Functions

4.1. Introduction

The form of an isometry of any Banach space is obviously determined
by the geometry of the unit ball. The structure of the extreme points of the
unit ball can be useful in characterizing the action of the surjective isometries
of the space provided there aren’t too many, e.g., as in the case of the unit
ball of LP(u),1 < p # 2 < o0, or too few, as in the case of ¢y. In previous
chapters we have seen how the extreme points of the dual ball can be used
to obtain the form of isometries on the predual space. Another approach to
the characterization of the surjective isometries of a Banach space X is to
use the form of the extreme points of the unit ball of X along with the form
of the isometries on the dual, X*. Obviously, this requires knowledge of the
isometries of the dual. We will illustrate this technique in the first section of
this chapter by giving the deLeeuw-Rudin-Wermer solution of the surjective
isometry problem for the space H'(A), where A is the open unit disk in the
complex plane. We follow this with the theorems of Forelli which give the form
of all isometries of H?(A) for 1 < p < co. The following section will feature
Kolaski’s characterization of isometries on the Bergman spaces on the open
unit disk.

The fourth section will be devoted to the Bloch spaces and we give the
results of Cima and Wogen. In this setting the form of the extreme points of
the unit ball of the Bloch space is not used. Furthermore, the isometries are
not of the canonical form of a weighted composition operator.

In the final section we give an exposition of the work of Novinger and
Oberlin on the isometries of the S?(A). These spaces are very interesting from
the point of view of isometries because the isometries are integral operators!

4.2. Isometries of the Hardy Spaces of the Disk

The first result on the isometries of the Hardy spaces was obtained for
H>(A) as a consequence of the characterization of the surjective isometries of
function algebras on the disk. The proof for H'(A)depends upon the structure
of the extreme points of H'(A) and the form of the isometries on H>®(A).

We begin by giving the result for the surjective isometries of H(A),
which makes use of Theorem 2.3.16 of de Leeuw, Rudin, and Wermer on
function algebras given in Chapter 2. We will also need a characterization of

79
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the automorphisms of H*°(A). By an automorphism we mean, of course, an
algebra isomorphism.

4.2.1. LEMMA. Suppose that T is an automorphism of H™(A) onto it-
self.  Then there is a conformal map 7 of the disk onto itself such that
Tf(t) = f(r(t) for all f € H*®(A). The converse also holds.

PrOOF. We first observe that for a function f in H°°, a complex number
A is in the closure of the range of f if and only if f — X is not invertible in H.
Because T is an automorphism, it follows that f — A is invertible if and only
if I'f — X\ is invertible so that the closure of the range of f and the closure of
the range of T'f coincide. If ¢ is the identity map on A, let 7 = T'¢. Then the
closure of the range of 7 is the closed unit disk, and since 7 is analytic, and
therefore an open map, we must have 7(A) C A.

Let f € H*®(A) and t € A be given. We must have

f—f(r@) = (g —7(t))g for some g € H*™,
and so

Tf—=f(r®t) = (r—7)Tg.

This last equation is zero at ¢, from which it follows that

Ty(t) = f(r(t))-

Since T—! is also an automorphism of H*, from the previous argument,
there is an analytic function v for which T=1g(t) = g(+(t)) for all t. Clearly,
1 is the inverse of 7, and we conclude that 7 is one-to-one and therefore
conformal. In fact, 7 must be a linear fractional transformation.

O

4.2.2. THEOREM. (deLeeuw, Rudin, and Wermer) An operator T is a
linear isometry of H®(A) onto H*(A) if and only if there is a unimodular
complex number a and a conformal map 7 of the disk such that

Tf=a(for)
for every f € H®(A).
Proor. Since H*(A) may be regarded as a subalgebra of C(Q) for some
compact, Hausdorff space @@, we may apply Theorem 2.3.16 and Lemma 4.2.1.

The unimodular function h from the theorem is analytic on the disk and so
must be a constant. O

The extreme points of the unit ball of H'(A) are given in the following
theorem.

4.2.3. THEOREM. (deLeeuw and Rudin) Let f be an H' function. Then
f is an extreme point of the unit ball of H' if and only if f is an outer function
of norm 1.
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Recall that an outer function f is a function of the form

£() = Nexp [2i / "l +zk(9)d9} ,

7 _p€ef—z

where k(#) is a real L' function on the circle and ) is a complex number of
modulus 1.

The following corollary is crucial in the proof of the isometry theorem of
HY(A).

4.2.4. COROLLARY. (deLeevw and Rudin) Let f be norm 1 function in
H.
@) If | fllh = 1 aend f is not an extreme point of the unit ball then

= 5( f1+ f2), where f1 and fo are distinct extreme points of the unit

ball.

(i) If || fllh <1, then f is a convex combination of two extreme points of
the unit ball.

(iii) The closure of the set of extreme points of the unit ball of H' consists
of all H' functions f such that ||f]l1 = 1 and f has no zeros in the
disk.

As we shall see later, all isometries of H' have been characterized by
Forelli, but we give the proof of deLeeuw, Rudin, and Wermer for both his-
torical and pedogogical reasons. The strategy is to first show that given the
structure of the extreme points of H', every surjective isometry of H' must
in fact be an isometry of H* onto itself. This allows the application of the
earlier results on isometries of function algebras.

4.2.5. THEOREM. (deLeeuw, Rudin, and Wermer) An operator T is a
linear isometry of H' onto H' if and only if T has the form

(TH)(z) = o7 (2)§(r(2))
where « is o complex number of modulus 1 and 7 is a conformal map of the
open unit disk onto itself.

PRrROOF. Since T is surjective, it takes extreme points to extreme points
and thus takes the closure of the set of extreme points into itself. Any function
f in H! which does not vanish in the disk is a multiple of an extreme point
and consequently, T'f does not vanish in the disk. If we let F/(z) = T'1(z) and
if A is a nonzero complex number in A, then the linearity of 1" implies that
f — A has no zero in the disk if and only if T'f — AF' does not vanish in the
disk. Thus for every f € H', we have {f(z): 2 € A} = {z;{c(%) 1z € A}. If
we define U f(z) = (F(2))'T'f(2) for f € H*, then f and U f have the same
range. It is clear from the definition that U : H* — H® and U also preserves
the H® norm. Moreover, if g is any H* function, the function f = T~(Fg)
belongs to H*® and U(f) = g. Therefore, U is a surjective isometry of H*
and U(1) = 1. This implies that U is an automorphism of H* and hence,
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there exists a conformal map 7 of the disk such that U(f)(z) = f(r(z)). This
gives the following formula for T,

T(f)(z) = F(2)f(r(2)),
for every bounded function in H*'.
If fe H™,

I = 5= [ IFEIAG) e

—7

For any f € H!, the norm is given by

I = 5 [ e ias
= 3 [ eI

Given that T is an isometry, and that g o 77! belongs to H> when g € H®
we obtain

/ T IEEgE@)do = [ 17 @) lg(®)]de.

-7 -7
But for every bounded measurable function « on |z| = 1, there isa g € H®
such that |g| = e* for |z| = 1. Therefore the last equality implies that

™ ™

/ |F(e?)]e"®@dg = [ |7 ()] dp
-7 -7

for every bounded measurable function v on |z| = 1. Thus |F(2)| = |7 (2)]

for |z| = 1. But both F = T(1) and 7 are outer functions and so we have

F(2) = o7’ () where || = 1. We have now shown that Tf = a7 f o7 for all

f € H>. The density of H>® in H' yields the final step of the proof. O

As we have just seen, the extreme points are useful in determining the
surjective isometries of H' but it is well known that every point of the unit ball
of HP(A) is an extreme point when 1 < p < oo. It is clear then that another
approach is necessary to characterize the isometries of H? when 1 < p < o0. It
was Forelli who first discovered the key ideas for the solution of this problem.
It is, perhaps, surprising but the key lemmas are results about measures and
multiplicativity of linear maps.

In what follows we assume that o;, 1 = 1, 2, denote positive measures with
total mass 1. We begin with a proposition whose generalization by Rudin was
stated and proved in Section 3 of Chapter 3. We give another proof which is
more directly adapted to the situation as we find it here.

4.2.6. PROPOSITION. (Forelli, Rudin) Suppose that fi is in LP(oy) (k =
1, 2) and that for all complex numbers z

/|1+zf1|pdal :/|1+zf2|pdag.
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[15ifder = [ 1:de

Proor. Without loss of generality we may assume that

Then

/|f1|2d01 < 0.

For z € A, set

27
g(z) = (1/27r)/ 11+ ze"Pdax — 1.
0

For |z| < 1 we can write,

) ad 2 AN
|1+ ze**|P = Z (p/ )(plé )zjzke’u_k)x.

5,k20 J

Thus,
9(z) = (p{2>2|2|2 +Ji (p§2>2|z|2j.

For |z| > 1 we can write,

=) ()"

J=1

These equations imply that there are constants A;, A2 that depend only
on p such that g(z) < A;|z|? for |z] <1 while g(2) < Az|z|? for |z| > 1.

9\ 2
Furthermore, lir%(l/rz)g(rfk) = (p{ ) | £l

From the inequalities above it is clear that

27
r=2 ((1/2%) (/ 1+ rfke”lpd:c) — 1) < Ay fel? 4 Aolr P72 £il?
0
for 2 < p. When 0 < p < 2, the left hand side above is
27 )
r2 ((1/27r) (/ |1 +rfke”|pd:c> — 1) < Az fxl?
0

for 0 < p < 2, where Az also depends only on p.

Since fr € LP(oy) the dominated convergence theorem implies that with

k=1

2 .
lim ﬂ@mw%u+MM%~Qm=wwﬂm%l

r—
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However, our hypothesis gives

27
lim [ r—2 ((1/2%)/ |14 rfoe'®|Pdx — 1) dos
0

r—0

r—

27
= lim [ 2 ((1/2%)/ |1+ 7fre®Pde — 1) doy.
0

Since g(rfi) > 0 and r~2g(rfi) — (p?/4)|fx|?, Fatou’s lemma implies (to-
gether with the previous statement) that

ww/mm@

27
< limiglfr_2 ((1/2%)/ (/ |1+ 7 foe’® [Pdx — 1) dag)
r— 0
27 .
— lim inf r=2 ((1/270 / ( / 1+ rfrei®[Pda — 1) dm)
r— 0

=Wm/mmm

Therefore we have shown that

/IJ”2|2<icrzs/|f1|2da1

and so / | f2|2d02 < oo as well. Repeat the argument with the roles of fo

and fy interchanged and we obtain / | f1|2d01 < / | f2|2d02 and the proof is

complete.
O

4.2.7. PROPOSITION. (Forelli) Let A be a subalgebra of L (o) that con-
tains the constants, and let T be a linear transformation of A into L*(o2)
with T1 = 1. Suppose that p # 2 and

[1wsrios= [ Isieden

for ol f € A. Then T is multiplicative:

T(fg) =TfTg.

ProoF. To prove that T is multiplicative on A, it is sufficient to prove
that T'(f2) = (Tf)? whenever f € A. To that end consider the following,
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4.2. ISOMETRIES OF THE HARDY SPACES OF THE DISK 85

/ (Tf)? — T(f)|2do
- / (TF)? + TTF? - T(F2))dors
:/|Tf|4dag—2Re/(Tf)2T(f2)dag+/|T(f2)|2dag.

We will show that the right hand side of this last equation is zero by
showing that each one of the integrals on the right is equal to / |f|*dey.
For fe A, T(1+zf) =1+ 2Tf and

/|1—|—ZTf|de'2=/|1—|-Zf|de'1.

For |z| small we can write,

s = X (M) (P

§,k>0 J
/|1—|—Zf|pd01 — Z (pf) (p£2>zj5k/fjfkdal'
§,k>0

Writing the corresponding equation for / |1+ 2T f|Pdos and using the hy-
pothesis yields

= ()L fan e - 2 () 1o

5,k20 5,k20

Therefore,

() fomatin- ()2 9o

Since p # 2 we can conclude for j = k = 1 that

/(Tf)T_deQ /ffdal or

[1wspias = [1s7ae

Replace f by f? in this last equation and we obtain that

[ 12 Pdos = [ 151t
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When j = k = 2 we obtain that

/|Tf|4da2 _ /|f|4dal.
For j =2,k =1 we get

[pTiio, = [ pfin

Replace f by f + zg in this last equation and equate the coefficients of
the resulting polynomial in z to obtain

[ Tiios = [ fi3ao.

This last equation holds for all f and g in A and in particular for g = f2.
Hence,

[@iP T e, = [ £Rdo

/|f|4dal.

/ T(f?) — (T)*Pdos = 0

for every f € A and the proof is complete.

Therefore,

O

As we have seen, it is often more difficult to obtain results about injective
isometries than the surjective ones. For example in the case of the H*(A),
only the form of the surjective isometries are known. However, for HP(A)
Forelli was able to characterize both classes when 1 < p < o0, p # 2.

Before stating this next result we pause for a little notation. We denote
by 3 the class of all g-measurable sets of the circle, where ¢ is normalized
Lebesgue measure on the circle. If ¢ is any nonconstant inner function we
define,

Y(p) ={XAZ:X c¢ (%) and Z € %,0(Z) =0}.

We denote by p = o 0 ¢! the measure induced on the Borel sets of the unit
circle by ¢. For every Borel measurable function g on the unit circle we have

/ gdu = / 9(¢)do.

The Fourier-Stieltjes coefficients of this measure are given by

/ Fdo.
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Since the map g — / gdo is a multiplicative linear functional on H*,

)

when n > 0. Hence the Fourier-Stieltjes coefficient of u at a positive n is

( / &w)n - / ¢ P (i) dor(b),

(L —lal?)
1 —azf?
4.2.8. THEOREM. (Forelli) Suppose that p # 2 and that T is a linear

isometry of HP into HP. Then there is a nonconstant inner function ¢ and
an F € H? such that

where P(z) = is the Poisson kernel with a = / odo

Tf=Ffog
for every f € HP. The functions ¢ and F are related by the relation
do
FlPde = | ——
Jberae= | o

whenever X € YX(¢), where P is the Poisson kernel induced by ¢. Conversely,
when a nonconstant inner function ¢ and a function F € H? are related by
this relation, Tf = F f o ¢ defines a linear isometry of HP into itself.

Proor. Let T be an isometry of H? into HP. Set F = T(1), and define
a measure v on the circle by dv = |F|Pdo. Since F' is an H? function, it can’t
vanish on any set of g-positive measure. Consequently, v and ¢ are mutually
absolutely continuous measures on the circle.
T
Define S : H? — LP(v) by Sf = ?f Then S is an isometry of H? into
L?(v) with S(1) = 1. Let x(2) = z. Then,

/|s Pdy = 1
[1same =

It follows from equality in Holder’s inequality that |S(x™| =1 a.e. Thus S
maps the algebra generated by x into L*(v). From the Proposition 4.2.7
above we know that S is multiplicative on this algebra and so if p is any
polynomial, S(p(x)) = p(S(x)) and

T(p(x)) = Fp(¢)

and by Proposition 4.2.6,

where ¢ = S(x).

Since F' € HP, F' = M, where M is an inner function and G is an outer
function belonging to H?. It follows from the form of T that M ¢™ is an inner
function when n > 0. Moreover, ¢ is also an inner function. To see this let
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B denote the closed subspace of L?(c) spannned by x/¢* (4, k > 0). Clearly
B is invariant under multiplication by x. Since MB C H?, B is not closed
under multiplication by ¥. It follows from a result given in Hoffman [132, p.
102] that B = 4 H?, where || = 1. Thus, X’/ ¢*1) belongs to B for j,k > 0.
Since 1 € B, v is in the closure of the polynomials in x and ¢. Therefore, 1?
belongs to B and hence v? = vg where g € H?. It follows that 1/ belongs to
H? and it must be that B = H? which implies that ¢ is inner.

We have that Tp = Fp(¢) for all polynomials and that ¢ is a nonconstant
inner function. Since T' is bounded, the density of these polynomials in H?
imply that Tf = F f(¢) for all f € HP. For every f in H? we have

[1epis@ras = [ israo

If we let X = ¢~1(Y) where Y € ¥, this last equation implies that

/|F|pda = /da
b's %

/ (dordys) ds
Y

= [ Fe

Since the converse is clear, the proof of the theorem is finished. |

For onto isometries, the description of T is a bit sharper.

4.2.9. THEOREM. (Forelli) Suppose that p # 2 and T is a linear isometry
of H? onto HP. Then

Tf = b(dg/dz)"/?f(¢)
where ¢ is a conformal map of the unit disk onto itself and b is a unimodular

complex number. Conversely, if T, b, and ¢ are given as above then T is a
surjective isometry.

PrOOF. Since T and T—! are both isometries, we know that there exist
nonconstant inner functions ¢ and 1 together with H? functions F and G
such that Tf = Ff(¢) and T~ 'f = Gf()). Since TT ' f =T 'Tf = f we
have

FG(9)f(¢) = GF() () = 1.

When f =1, we see that FG(¢) = GF(v) and hence f(y(¢)) = f(o(¥)) = f
for every f belonging to HP. This implies that ¢ is a conformal map of the

1
disk onto itself and consequently ¥ = 3(¢). Furthermore, |d¢/dz| = )

where P is the Poisson kernel induced by ¢. The isometry condition requires

that
/|F|pda:/ \dg/dz|do
X X
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when X belongs to . Hence |F| = |(d¢/dz)/?|. This equality in addition to
the fact that (d¢/dz)'/? is an outer function makes it obvious that F" is also
outer. Therefore, F' = A(d¢/dz)'/P where X is a complex number of modulus
1 and the proof is complete. |

4.3. Bergman Spaces

Another class of analytic function spaces that has been of interest for
some time is the class of Bergman spaces. We will restrict our focus to the
Bergman spaces on the open unit disk A. For 0 < p < o0, the Bergman
p-space LP on the unit disk A is the collection of all functions analytic on A
for which

/ FEPdu(z) < oo,

where pt is normalized Lebesgue measure on the unit disk. We will see that
the isometries on these spaces are again described as weighted composition
operators.

4.3.1. THEOREM. (Kolaski) Suppose T is o linear isometry from LE2(A)
to itself. Then there exist analytic functions ¢ : A — A and h € LY such that

(51) Tf(z) = M2)(f o 9)(2)

for all z € A and f € L2. Furthermore, () is dense in A and

(52) / (go@)|hlfPdu = / gdu

for every bounded Borel function g on A. If T is surjective, then ¢ is an
automorphism of A and h is related to ¢ by

(53) |h?| = ||
where J, is the Jacobian of ¢.
Conversely, if the conditions above are satisfied, then T is an isometry

which is surjective if (53) holds.

PRrROOF. Let h = T'1 and define v = |h|Pdp. For f € LS°, define

_Tf

Af 5
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90 4. ISOMETRIES OF SPACES OF ANALYTIC FUNCTIONS

Since h is not zero in L?, it is necessarily nonzero a.e. (1), and so Af makes
sense. If f € L% with || f|lc < 1, then

esssup.calAf(2)| = Y ([ 1A hPdu()7

Jim <{ / lA(f”)(Z)h(Z)l”du}%> %
o (frirre})
(o))

Hence, for any f € L°(A), the function T'f /k is an essentially bounded mero-
morphic function and consequently is analytic. It follows as in Proposition
4.2.7 that A is a multiplicative linear map of LS into L (v) = L°(u) which
preserves the supremum norms. Hence, A is a multiplicative linear sup norm
isometry of LS into itself with AL = 1.

Let ¢ denote the identity function on A and define ¢ on A by ¢(z) =
Aq(z). Note that for any z € A,

[+ sopar = [1aa+zapar = [ 1+ sqlPan

Arguments like those in the proof of Proposition 4.2.7 will show that if g is
any polynomial in the variables z, Z, then

(54) J o= [ gan

It now follows from standard integral convergence theorems that (54) holds
for any continuous function and then also for the characteristic function of
any Borel set in C. This means that ¢ and ¢ are equimeasurable, so that (52)
holds for every bounded Borel function g.

We want to show now that the range of the analytic function ¢ is dense
in A. Let Q = ¢~ 1(A). Our calculations above show that

(55) v(p T (E)) = u(E)
for every Borel set in C, so that
1= pu(A)=v(Q).

3|~

3=

Recall that
V(D) = /dy - / IAPdy = | T1) = 1.

It is straightforward to show that pu is absolutely continuous with respect to
v, so that v(A\Q) = 0 implies that p(A\2) = 0. Since ¢ is continuous, €2 is
open, and therefore dense in A. (If © were not dense, there would be an open
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disk inside A\€2, contrary to the fact that it has Lebesgue measure zero.) This

density implies that ¢(A) C ¢(Q) C A. Putting ¢(A) for E in (55) shows
that

np(A) = V(D) = L.

This, together with the fact that ¢(A) C A, means that (A) is dense in A.
By the definition and multiplicativity of A, we see that

TP(z) = h(z)(P o p)(2)

for all polynomials P and z € §2. Since the polynomials are dense in L? and
the point evaluations £(f) = f(z) are continuous linear functionals on L%, (as
seen by means of the Cauchy integral theorem), for each f in the Bergman
space, there is a sequence {F,} of polynomials such that P,(z) — f(z). From
this, and the statement for polynomials above, we obtain (51) for all z € €.

For the first part of the theorem to be proved, it remains to show that
Q= A. Let z € A with h(z) # 0. By density of Q, there is a sequence {z,}
in © such that z, — z, and therefore,

Tf(z) | Tf(2)

(f ° ¢)(zn) = h(Z) - h(Z) .
Thus (51) holds for such z, and ¢(z) € A since A is a domain of analyticity.
Now suppose there is some zy with h(zp) = 0 and |¢(z0)] = 1. Choose a

small disk D which contains no zero of h except z9. Then ¢(8D) is a compact
subset of A, and there exists a polynomial P satisfying

|P(p(20))] > sup {|P(t)]}-
tEp(0D)

Then T(P™) = h(P" o ¢) will not obey the maximum principle on D near z.
This contradiction completes the proof that @ = A.

If we suppose that 7' is onto, then what we have previously proved applies
to T~ so that

T f=g(fot)
where g = T~ '1. For any f € LP we must have
F=TT7'f =hgop)(forpoy)
and
F=T7'Tf=glhop)(fowot).

Putting f = 1 in each equation, and then f = ¢, we conclude that h(go¢) =
1= h(got) and ¥ = ¢~1. Hence, ¢ is conformal and and an automorphism
of A.

Finally, we let f be continuous and by putting g = f o ¢~

/Aflhl”du=/Afowldu:/Afleldu

I we obtain
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by the change of variables property in the integral. Since the above holds for
all continuous functions f, we find |k|” = |J,| a.e. (1), and (53) follows by
the continuity of h and J,.
The proof of the converse statements is straightforward.
O

It is interesting to ask about the nature of the analytic functions ¢ which
can give isometries of the Bergman space as described above. For example, ¢
may not map A onto all of A. If we let

(56) w(z) = —14+2(1+i2)/9¥(2)

where

(57) P(z) = 1+iz 4+ /2(1 — 22).
For this definition of 1) we use the principal branch for the square root. Then
¢ maps A in a one-to-one fashion onto A\[0,1). If we let h(z) = [dy¢/dz]?
then h € L}(A) and since |h| = |J,|, we have that ¢ and h satisfy (52), and
so determine an isometry on Ll (A) by means of (51).

The function ¢(z) = 22 can be shown to generate an isometry of LL(A),
so that ¢ need not be one-to-one. However, it is also known that (z) = 22
cannot generate isometries of L2 (A) for p # 1, 2. See the notes at the end of
the chapter for more information on this.

4.4. Bloch Spaces

The isometries of the Hardy spaces and the Bergman spaces on the disk
have the canonical form of a weighted composition operator. We now intro-
duce a class of Banach spaces of analytic functions, called the Bloch spaces,
for which the isometries are not quite in the canonical form. The geometry of
the unit ball and the form of the isometries on Bloch spaces were first studied
by Cima and Wogen, and we follow their development in this section.

The Bloch space is defined as follows: Let A denote the open unit disc
in the complex plane and let I' denote the unit circle. The set B of Bloch
functions is the set of holomorphic functions on A defined by

B={f:f(0)=0, sup{|f (2)|(1 - |2]*): z € A} < c0}.
The space B with norm defined by,

£l = sup{[f(2)(1 — |2[*) : z € A}
is a nonseparable Banach space. We let 3y denote the subspace of B spanned
by the polynomials. The structure of the isometries on By is quite surprising.
We will show that every isometry of this Banach space must be surjective.
Before we proceed with the proof we want to introduce some notation
for some particular subsets of the continuous functions on the open disk A.
First, we let

C={feCA):flc=sup{lf(2)I(1 — |2]*) : 2 € A} < o0}
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If D denotes the functions in C that are holomorphic on A, then D is a closed
subspace of C and the derivative operator D(f) = f/ is a linear isometry of B
onto D. Set Dy = D(By).

Define a mapping ® : C(A) — C by

(@f)(2) = f(2)(L = 2]~
It is easily seen that ® is a surjective linear isometry and we denote ®~! by
U. Let A= ®(D) and Ay = &(Dy). It follows that

A={f(2)0-21"): f€ B}, Ao={f()A—|2l): f€Bo}.
We also have the following set inclusions:
Ay CACCp(A) and Dy CD C C(A).
Finally, note that
Dy C Co(A),
where Cy(A) is all continuous functions on A which vanish on I'.

4.4.1. PROPOSITION. Suppose that 7: A — A is analytic. Then there is
an analytic function f on A with

f(2)] = Q= Ir () = |2~
if and only if 7(2) = Mz — ) (1 — az) .

PrOOF. If 7 is a conformal map of A, then by the Schwartz-Pick lemma,
f(2) = 7' (2) satisfies the condition. Now, if such a function f satisfies the con-
dition above, then the function log | f(2)| = log (1 — |7(2)|?) — log (1 — |2|?) is
harmonic on A. A computation shows that

Alog (1 —|7(2)]*) = Alog (1 — |2]%)

reduces to
~PF 1
L=lr(@2 (1= [®)*
Thus,
@) =0- @ -
and again by the Schwartz-Pick lemma, 7 must be of the desired form. |

4.4.2. PROPOSITION. Ewery o € A is a peak point of Ag.

PROOF. Let f,(z) = (1 — |z|?)(1 — @z) 2. The function f, belongs to Ay
and f, peaks at a. O

We recall here that the set of extreme points of the unit ball of a Banach
space X is denoted by ext(X).

4.4.3. THEOREM. Let S : Dy — Dy be an isometry. Then there is a con-
formal automorphism ¢ of A and a X € T so0 that Sf(z) = (A )(2)(f(9(2)))

© 2003 by Chapman & Hall/CRC



94 4. ISOMETRIES OF SPACES OF ANALYTIC FUNCTIONS

PRrROOF. We prove the sufficiency first. To that end, let g € Dy.
1Sgllp, = sup{|S(g)(2)I(1 - Iz*) : z € A}
= sup{l¢ (2)l|g(#(2))| : z € A}.

By Proposition 4.4.1 this last equation can be written as

, _ 2
15(9) 26 =sw@¢@mwmﬁ7£%LweA}
sup{g(z)(1 — |2?) : 2 € A}

= [lgllp,-

For the necessity of these conditions, we suppose that S : Dy — Dy is
an isometry. Recall that Ay = {f/ (2)(1 = |2*) : f € Bo} and that ¥ = &~
Define T'= US®| 4,. Then T is an isometry form Ay onto its range which
we denote by Ro. The adjoint T, T* : R5 — Aj is a surjective isometry and
consequently T : ext(Ro)* — ext(Ag)*. The standard argument along with
Proposition 4.4.2 gives us that the extreme points are of the form A1, where
1), is the evaluation function at z.

Let ©(Ro) = {z € A : 9,|r, € E®(R}). Hence, there are functions

7:3%(Ro) = A and «a:X(Rg)—T

so that

T*(¢Z|R0) = a(z)(djT(Z)LAO) for all z € 2(720)

Therefore, for all z € 3(Rg) and f € Ay , T is of the form Tf(z) =
a(2)f(7(2)). In particular, for k € Z* and z € X(Ry),

T(*(1 - |21%) = a(2)(7(2)* (1 = |7 (2)]?).
Hence, we can define a sequence of functions Gy € Dy holomorphic on
A, such that

T(" (1~ [2*) = Ge(2)(1 — |2]).

Now,

Go) = SR | e a@ra =),

1—|z[? 1—|z[?
Clearly, 7(z) = gogg and hence 7 has a meremorphic extension from %(Rg)
1

to all of A. This extension is unique since %:(Rg) is uncountable.
If we define p, (z) = 2", then p,, € By and it follows that for all z € 3(Ry),

s =60 (G5 )

Since the extension from 3(Rg) is unique, this equation holds for all z € A.
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G
It follows that G_l has no poles and thus the meromorphic extension of

0
7 is actually holomorphic. Moreover,

oo = (—"2)" (-2 <,
PnllD = ?’L—|—2 ?’L—|—2 )

Gl(z)
Go(2)

for all z € A and n > 0. Therefore, the range of G_l is contained in A. From

hence, ||pn|lp < 1 for n > 0. Thus, |Go(2) |*(1— |z|2) < |ISpullp <1

Proposition 4.4.1 we deduce the existence of a co%formal automorphism of
A such that Gg = >\¢>/ for some A € I'. Therefore, for each polynomial p we
have Sp(z) = (A (2))p(¢(2)) and the proof is completed by appealing to the
density of the polynomials in 5. O

4.4.4. COROLLARY. IfS : By — By is an isometry, then there is a confor-
mal automorphism ¢ of A and a A € T so that Sf(z) = A(f(¢(2)) — f(¢(0))
for all f € By.

PRrooF.
DSD7'f'(z) = X (2)f (#(2))
MF(9) (2).
D(SH)(z) = Afod).
Sfz) = | Mo o ¢) (€)de.

Sf(z) = Afog(z)— fop(0)).

4.4.5. COROLLARY. Ewvery isometry of By is surjective.

Cima and Wogen also give characterizations for the surjective isometries
of the big Bloch space B. We will only state their results in this setting and
refer the interested reader to their paper for the complete details. The proof
is similar to the one for the little Bloch space, but requires the use of the
Stone-Cech compactification of A.

4.4.6. THEOREM. Let S : D — D be a surjective isometry. Then there is
a conformal automorphism ¢ of A and X € I’ such that Sf = (a¢ )(f o ¢).

They also obtain the following corollary.

4.4.7. COROLLARY. If S : B — B is a surjective isometry, then there is
a conformal automorphism ¢ of A and a A € T such that

Sf=Af o —f(4(0))
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4.5. SP Spaces

As we have seen, the Bloch spaces admit isometries which are not weighted
composition operators. We are going to describe another class of Banach
spaces which admit isometries which take the form of integral operators.

For 1 < p < o0, let H? denote the Hardy spaces of the disc A and let |||,
denote the usual norm. By SP we will mean the class of analytic functions on
A for which f/ belongs to H?.

The first norm we consider for S? is || f|| = |f(0)| + ||f/||p. The form of an
isometry of H? plays a significant role in the proof of the following theorem.

4.5.1. THEOREM. (Novinger and Oberlin) Let T be an isometry of SP
into SP. Then there exists a linear isometry T of HP into HP and a unimodular
complex number X such that for oll f € SP and z € A,

TH(z) = AF(0) + /O I (©)ldel.

PRrROOF. Let n be a positive integer and ¢t a real number. We define the
function p,(z) = 2" SP contains the polynomials and thus f = 1 + tp,
belongs to SP for every real number ¢ and positive integer n. The fact that,
ITfIl = ||l together with a simple application of the triangle inequality for
the norm yields

(58) IT1(0) + tTpn (0)] = [TL(0)] + [¢]|(T'pn(0))

and

(59) I(TD) +t(Tpa) llp = 1T 1l + [£1(Tpn) -

Let n be a positive integer such that T'p, is a nonconstant function.
The real valued function p(t) = ||(T1)/ + t(Tpn)/Hp. The last equation above
implies that p is not differentiable as a function of ¢ at t = 0. However the L?
norm is weakly differentiable at every point except the zero vector. Hence,
(Tl)/(ew) =0 on a set of positive measure if p = 1 and almost everywhere
if p> 1. Since (T'1) € HP, it follows that (I1)" = 0 and therefore must be
constant. The constant must be of modulus 1 and without loss of generality
we may assume that T'1 = 1.

It now follows from the first of the equations above that

Tpa(0)=10

for every positive integer n.
For a arbitrary f € S?, let g(z) = 1 +¢(f(z) — f(0)). Since | Tg| = |9l
we obtain the following:
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lgll = 1+[¢ll£ 1
ITgll = 1T1+tT(f = F(0))]|
= [T+ HTF0) = £O) + FII(TF) |5
Thus,
(60) L+ e = (TF) [lp) = [1+ HTF(0) — £(0)]-

Since the left hand side of this last equation depends on |¢|, it follows
that

(61) Tf(0) = f(0) and [(Tf)llp = I/ ll,-

To complete the proof we need to consider a subspace of SP. Let S}
denote the subspace of functions in SP that vanish at the origin. The differ-
entiation operator D maps S} isometrically onto H? and its inverse is given
by

w@zﬁwwa

It is clear from the last equation that the isometry 1" maps the subspace
S5 onto itself and so we have that the composition DTI: H? — HP? is an
isometry. Let 7 denote this H? isometry. For an arbitrary f € SP it is clear
that

I(f) = f — f(0).

Since DTI = 7 we have
D(T(f - f(0))) = 7(f).
This last equation implies that (7f)" = 7(f) and so
75 = 50+ [ olf
This completes the proof. |

Now we recall the result of Forelli on isometries to obtain the following
corollaries.

4.5.2. COROLLARY. LetT be an isometry of S into SP and suppose that
p # 2. Then there is a nonconstant inner function ¢ and a function F in HP
such that for z € A and f € S?,

Tﬂ@zMﬂm+1fw@fw@m&
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4.5.3. COROLLARY. LetT be an isometry of SP onto SP and p # 2. Then
there exist unimodular complex numbers X\, i and a conformal map ¢ of unit
disc A such that for z € A and f € SP,

T5() = AFO) + 1 [ 16O 7F ()L
Conversely, T defined in this way is an isometry of SP onto itself.

4.6. Notes and Remarks

The previous sections in this chapter provide the reader with a bare
introduction to the isometries of spaces of analytic functions on the disk. The
study of Banach spaces of analytic functions goes far beyond the situations
we have encountered thus far. At the end of these notes we will attempt to
guide the reader to some of the other more interesting results for spaces of
functions of several variables.

Some of the most interesting spaces of analytic functions are function
algebras, closed subalgebras of the Banach space of continuous functions C(Q)
on a compact Hausdorff space Q which contain the identity and separate
points. These are also called sup-norm algebras. The surjective isometries of
function algebras were first described by deLeeuw, Rudin, and Wermer [85],
and it was their theorem, a version of which we stated and proved as Theorem
2.3.16 in Chapter 2, which led to the isometry theorems on H' and H>.

Isometries of the Hardy Spaces of the Disk. Theorems 4.2.2 and
4.2.5 were stated and proved in the paper of deLeeuw, Rudin, and Wermer [85]
mentioned above. The fact given in Lemma 4.2.1 that every automorphism
of H* is induced by a conformal map of the unit disk was first shown by
Rudin [272] although our proof mimics the one given in [132, p.144]. As we
saw, the proof for H' depends upon the the structure of extreme points of
H'(A) given in Theorem 4.2.3 and the form of isometries on H*°(A). The
proofs of Theorem 4.2.3 and Corollary 4.2.4 were first given by de Leeuw
and Rudin [84]. We have chosen not to include the proofs, since they are
somewhat lengthy. We refer the reader to the exposition given by Hoffman
[132, pp.138-142]. It was noted by de Leeuw, Rudin, and Wermer that after
completing their paper [85], they became aware of a paper by Nagasawa [231]
which contained Theorems 4.2.2 and 4.2.5 in the context of a study of operator
algebras on a Hilbert space.

The results involving H? for 1 < p < oo where p # 2 are contained in
the paper of Forelli [106] and we have followed his exposition for the most
part, although we have also been influenced by the work of Schneider [279]
and Fisher [100].

Bergman Spaces. The isometries of the Bergman spaces were first char-
acterized by Kolaski [173] and the proof of Theorem 4.3.1 follows the one
given in that paper. We have used an idea of Hornor to avoid the use of
Lemma 4.2 in Kolaski’s paper. The influence of Rudin [275] is also apparent
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in Kolaski’s work. Kolaski actually stated and proved the theorem for Runge
Domains, rather than the open unit disk, and the proof for that more general
case requires very little change from the one we have given.

The examples given after the proof of the theorem are due to Kolaski
also, and the reader should consult [173] for more details. A detailed study
of the nature of the analytic self-maps of the disk which give rise to isometries
of the Bergman space has been carried out by Hornor and Jamison [138].
They show, among other things, that for an isometry on LZ(A) given by
Tf = h(f o), then for each z € A, the set ¢~1({z}) must have constant
cardinality a.e. and in case that constant is a finite integer m, the function h

is given by h = (¢ )2/ ? for some unimodular constant .

ml/ p

Bloch Spaces. The material in this section is taken exclusively from the
paper of Cima and Wogen [72]. They indicate that their work is patterned
after a proof in [132, p.141] of a theorem describing isometries of function
algebras. Some general properties of the Bloch space can be found in [6] and
[71]. We remind the reader that when we say that the isometries on the Bloch
space are not, canonical, we mean they are not strictly in the form of weighted
composition operators.

SP Spaces. The isometries of the SP spaces were obtained by Novinger
and Oberlin in [238]. Their work was motivated by a paper of Roan [267]
which was concerned with composition operators of various types on SP. The
form of the isometry obtained in Theorem 4.5.1 is quite interesting. The
results in Corollaries 4.5.2 and 4.5.3 follow directly from the characterizations
of HP-isometries by Forelli given in Section 3. Roan had shown that if T is
an isometry and a composition operator, then the function on A is conformal
and takes 0 to 0. Novinger and Oberlin show that Roan’s result follows from
Corollary 4.5.3. They also consider a second norm on S? given by

1A= 1£lloo + 1 l-

It is then shown in [238] that every isometry on SP with the above norm is a
weighted composition operator.

In a paper which extends some of the above methods, Hornor and Jamison
characterize the surjective isometries on the analytic Besov spaces and the
Dirichlet spaces [139).

Further remarks: several variables and related matters. Theorem
4.2.2 has an immediate application to the space H*°(B™). We follow Rudin
[276]. Recall that the ball in the n dimensional Hilbert space C" is the set

1/2

j=n
B={ (a2 | S lz2] <1
j=1

Let Aut(B) denote the automorphisms of B. For a fixed a« € B, let P, be
the orthogonal projection of C™ onto the subspace [a] generated by a, and let
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Qo =1—P,. Thus Py =0 and for ¢ # 0
_ <za>

P, = a.
<a,a>
Set s, = (1 — |a|?)'/? and define

_a—Puz—38,Q.2
C l-<zya>

¢a(2)

From Rudin [276] we quote

4.6.1. THEOREM. If v € Aut(B) and a = ¥~1(0) then there exists a
unique n X n unitary matriz U such that

77Z) = U(z)a-
The identity

(I- <a,a>)(1— < z,w >)
(I- < z,a>)(1- < a,w>)

1-< 7,[1(2),7,0(10) >=

holds for all z € B, w € B.
Also from Rudin [276] we have

4.6.2. THEOREM. If T' is an automorphism of the algebra H™, then
Tf = fo for some 1y € Aut(B).

The following corollary is now clear.

4.6.3. COROLLARY. IfT is a linear isometry of H*(B) onto H*(B), or
an isometry of A(B) onto A(B), then there is a o € C with |a| = 1 and a
¥ € Aut(B) such that

Tf=af oy

The results of Forelli for HP(A) provided the catalyst for several investi-
gators to attempt to extend his results to other settings. Schneider[279] and
Forelli [107] were the first to consider spaces of several variables and both
gave a version of Forelli’s H?(A) result for the space H?(U™). Both of these
results are for the surjective case and were restricted to p > 2. Rudin [275]
and [276] settled the surjective case completely with the following theorem.

4.6.4. THEOREM. Suppose 0 <p < oo, p#2, n>1, and T is a linear
isometry of HP(B) onto HP(B). Then there is a v € Aut(B) and a ¢ € C,
lc| =1, such that

_ (A —laPyr
(Tf)(z) = ‘U= <z.a>)7

for all f € H?(B), z € B, where a = ¥~1(0).

()
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The methods of Rudin were extended to the case of H? spaces of bounded
symmetric domains by Koranyi and Vagi [183]. Kolaski [173],[174], and [176]
showed that the methods of Forelli and Rudin also applied to the weighted
Bergmann spaces of bounded symmetric domains. Recently the Rudin method
was applied by Garling and Wojtaszczyk to obtain a characterization of the
surjective isometries of the Bargmann spaces [111].

The work of Cima and Wogen has also been extended to the several
variable setting. In particular Krantz and Ma [[184] prove the following:

4.6.5. THEOREM. Let U : Bo(B"™) — Bo(B™) be an isometric isometry.
Then there is a ¢ € Aut(B™) and a u € C with |p| = 1 with

Uf = u(f(o(z) — £(#(0))
for every f € By(B™).

Kolaski [175] extended the methods of Novinger and Oberlin [238] to
obtain the following nice generalization of their results. First some notation.
Let A denote the open unit disk and H(A) be the analytic functions on A.
Let N : H(A) — [0,00] be a norm on H(A) Let Hy and Sy denote the spaces

of functions in H(A) such that N(f) < co and N(f') < oo, respectively. Let
Hpy be given the norm N, and give Sy the norm

£l = 1£)] + N ().

4.6.6. THEOREM. (Kolaski) Let T be an isometry of Sy into(onto) Sn.
If Hy is smooth, orif T'1 is a constant function, then there is a linear isometry
A of Hy into(onto) Hy, and a A € T such that

TH() = A (f<o> + z A(f)(@ds)
for f € Sy, z € A.

Other papers which are related to what has been discussed in this chapter
include [3], [26], [27], (28], [29], [30], [31], [32], [33], [53], [93], [94], [95],
[149], [192], [215], [2186], [217], [218], [221], [226], [293], [291], and [301].
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CHAPTER 5

Rearrangement Invariant Spaces

5.1. Introduction

In the previous chapters we have focused our attention on some specific
classical Banach spaces. In this chapter, we consider a more general class of
spaces which includes the LP-spaces as a special case. Already we have seen a
step in that direction in a theorem of Lamperti (mentioned as Theorem 3.5.1
in Chapter 3) which is a partial result for Orlicz spaces. At the suggestion of
Lamperti, Lumer extended the result to reflexive Orlicz spaces using a method
now referred to as “‘Lumer’s method” and which has been used extensively
by many authors in a variety of settings. This method, first mentioned in the
Remarks at the end of Chapter 1, will be prominent in the proofs given in
this chapter, and we will develop it fully.

For the most part, the classes of spaces under consideration in the present
chapter can be included under the general heading of Banach function spaces.
These spaces consist of measurable functions on some measure space and on
which there is a norm related to the underlying measure in a certain way so
that the resulting space is a Banach space. To be more precise, let us give
some definitions.

5.1.1. DEFINITION. Let (Q, X%, 1) be a measure space. A mapping p from
the nonnegative o-measurable functions into [0, 0] is called ¢ function norm
if for all nonnegative measurable functions f,g, fn, (n = 1,2,3,...), for all
constants a > 0, and for all E € %3, the following properties hold:

(i) p(f)=0&f=0 pae,

(i) plaf) = ap(f),
(iii) p(f +g) < p(f) + pl9),
(iv) 0<g<f pae =pg) <p(f),
(V) 0 fo /' prae= p(fn) / p(f),
(vi) p(E) < oo = p(xr) < o0,
(vil) u(E) <oo= [ fdu < Cpp(f)

for some constant Cg, 0 < Cg < o0, depending on E and p but independent

of f.

5.1.2. DEFINITION. Let p be a function norm. The collection X = X(p)
of all X-measurable functions f for which p(|f]) < oo is called a Banach

103
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104 5. REARRANGEMENT INVARIANT SPACES

function space. For each f € X, define

I£1lx = p(I£D-

A function f is said to have absolutely continuous norm in X if | fxs, [|x —
0 for every sequence {Ey,} of measurable sets for which the characteristic
functions xg, converge to 0 p-a.e. If this is true for every f € X, then X is
said to have absolutely continuous norm.

The most obvious examples of Banach function spaces are, of course, the
LP spaces and these spaces and their properties provide the model for the
general case. The ‘“modular” (34) of Lamperti as defined in Chapter 3 and
the corresponding space L¥ discussed there gives a generalization of the LP
spaces, and Theorem 3.5.1 mentioned above characterizes those isometries
which preserve the modular. This result was the motivation for Lumer to
consider the problem of determining the form of all isometries on general
Orlicz spaces. The canonical form given by Lamperti does define an operator
which preserves the modular and so is an isometry. The converse was not so
clear; that is, must every isometry be a modular isometry?

In Section 2, we will give Lumer’s work in which he shows that any sur-
jective isometry on a complex reflexive Orlicz space over a nonatomic measure
space and where the space is equipped with the so-called Luzemburg norm, is
in the canonical form. Here he describes the form of the semi-inner product
on the space which gives the norm, and characterizes the Hermitian operators.
From the form of the Hermitians, he is then able to determine the isometries.

Zaidenberg used Lumer’s approach to remove the conditions of reflexivity
and separability, and in fact extended the result to the larger class of symmet-
ric or rearrangement invariont spaces. We will give an account of this work
in Section 3.

In the final section we generalize one step further to determine the sur-
jective isometries on certain Musielak-Orlicz spaces. There are two norms
commonly defined on a given Musielak-Orlicz space (as is also the case for
Orlicz spaces) called the Luzemburg norm and the Orlicz norm and these
norms are equivalent. We will end by giving Kaminska’s proof that the groups
of isometries for the two norms coincide.

5.2. Lumer’s Method for Orlicz Spaces

It is reasonable to begin with some definitions and terminology in regard
to Orlicz spaces, even though these will be included in the more general def-
initions given in the section on Musielak-Orlicz spaces. In what follows, we
will assume the measure space (2,3, 1) to be o-finite.

5.2.1. DEFINITION. Let @ be a nonnegative, increasing, convex function
with ©(0) = 0. Let 1,(f) = [ o(f)dpu. The set L¥ of all S-measurable
functions f for which I,(rf) < oo for some r > 0 is called an Ortlicz space.
A function @ with the above properties is called a Young’s function.
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The space L¥ as defined above is slightly different than the one given in
Chapter 3, which is not necessarily a linear space. The two are the same in
case ¢ satisfies the As-condition.

5.2.2. DEFINITION.

(i) A Young’s function ¢ is said to satisfy the Aqg-condition if there exist
so >0 and ¢ > 0 such that

©(28) < ep(s) < o0, (80 <8< 00).
(ii) A Young’s function p is said to satisfy the 6a-condition if there exist

30 >0 and ¢ > 0 such that ¢(t) > 0 for allt > 0, and
w(2t) < cp(t) for0 <t <sp.

If ¢ is a Young’s function, then the function ¢* defined by
(62) ¢*(u) = sup{uv — ¢(v)}
v>0

is also a Young’s function called the conjugate or associate function to ¢, and
the two functions ¢, ¢* are said to be complementary Young’s functions.
For f in L¥ we define

(63) 7l = infle > 0: LoDy < 1)
and
(64) 1o = supl [ Ifl: L-(6) < 1)

Each of the above equations defines a Banach function norm for which
the corresponding Banach function space is the Orlicz space L¥. The norm
I 1l: in (63) is called the Luzemburg norm on L¥ while | - ||o given by (64) is
called the Orlicz norm. We will drop the subscripts when the context makes
clear which norm we mean.

5.2.3. EXAMPLE.

(D) If 1 < p < oo, and ©(t) = tP, then ¢ is a Young’s function and the
corresponding Orlicz space is LP.
(if) If ¢ is defined by

0, if0<t<1;
o(t) = U
oo ift>1,

then LY = L* and the set of f such that I,(f) <1 is the unit ball of
Lo,
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(iii) If o is defined by

0, if0<t<l;
o(t) = )
tlogt ift > 1,

then L¥ is the Zygmund space LlogL.

We note that the Young’s functions in (i) and (iii) above satisfy the Ag-
condition, while the function in (ii) does not. In this latter case, the Orlicz
class as defined by Lamperti in Chapter 3, is not a linear space although it is
convex.

It is convenient now to gather together some facts about Orlicz norms
and Orlicz spaces for future reference. We omit the proofs.

5.2.4. THEOREM. (Properties of Orlicz spaces)

(1) If ¢ is a Young’s function, then the Luxemburg and Orlicz norms on
L¥ are equivalent:

£l < 1 fllo < 21 £l

(ii) If ¢ is a Young’s function, then L¥ is the closure of the integrable
simple functions if the norm on L¥ is absolutely continuous.

(iii) If ¢ is a Young’s function and ¢* is the conjugate function, then
(L®)* = L¥" if and only if the norm on L¥ is absolutely continuous.

(iv) If ¢ is a Young’s function and ¢* is the conjugate function, then L¥
is reflezive if and only if the norms on both L¥ and L¥" are absolutely
CONLINUOUS.

(v) If ¢ is a Young’s function, then L¥ is separable if and only if the norm
is absolutely continuous and the measure u is separable (that is, if the
o-algebra X2 has o countable set of generators).

(vi) If ¢ is a Young’s function then the norm on L¥ is absolutely continuous
if and only if

(a) u(Q) < oo and ¢ satisfies the Aq-condition, or
(b) () = oo, there is set of positive measure which is free of atoms,
and o satisfies both the Aq and do-conditions, or
(¢) u(2) = oo, the measure space is purely atomic with bounded
masses, and @ satisfies the da-condition.
(vil) If ¢ is a Young’s function and the norm on L¥ is absolutely continuous,
then I,(rf) < oo for all v > 0.
(viil) If p is a Young’s function and ©* is the conjugate function then
(a) st < (s) + ¢*(t), (Young’s inequality),
(b) s¢'(s) = @(s) + " (@/(s), (Young’s equality),
(c) t'(t) < p(2t) for allt > 0.

The function ¢’ above will denote the left derivative of ¢, which is left
continuous and is the actual derivative of ¢ almost everywhere. The condition
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in (viii)a above is known as Young’s inequality and (viii)b shows that equality
occurs when t = ¢/(s).

‘We remarked in the notes to Chapter 1 that one method of finding isome-
tries on a space was to first find the Hermitian operators. This is what we call
Lumer’s method, and we will follow that approach in this section. If [-,-] is a
semi-inner product on a Banach space X which is compatible with the norm
on X, (see 1.4.1 in Chapter 1) then a bounded operator H on X is Hermitian
if and only if [Hz,z] is real for all z € X. This definition only makes sense
if the space is complex, and we will assume that for the remainder of this
section. It is also important to note that, although there may not be a unique
semi-inner product that is compatible with the norm, the definition as given
does not. depend on that particular semi-inner product. For, if we let

(65) WIT = {[Tz, ] : [lz| = 1}

denote the numerical range of the operator 1" with respect to the given s.i.p.,
then by a result of Lumer, all determinations of the numerical range of an
operator have the same convex hull.

There are some other equivalent properties that characterize Hermitian
operators and it will be useful to have a clear statement of those available to
us. For the proof of these equivalencies, we will need the following lemma.

5.2.5. LEMMA. For any bounded operator T on a Banach space X and
any s.i.p. [, -] compatible with the norm on X, let

B =sup{R\: A€ W(T)}.
Then
N o T -1
OF=ty =
(ii) = sup{g log || exp(tT)| : t > 0};
.1
(i) 8= lim ~log | exp(tT)]|.

PRroOF. Let 6(T) denote the limit in (i), which exists since | + ¢T'|| is a
convex function of t. If # € X with ||z|| =1 and ¢ > 0, then

| + ¢T)al) = [ + ¢T)a,a]]
= |1+ t[Tz,z]|
= /(1 +tR[Tz,2])2 + (tS[Tz, z])2
> /1 + 2tinf R(W(T))

for ¢ sufficiently small. For such ¢ and any z € X we have

(66) (I +tT)z|| > /1 + 2tinf R(W(T))||z]-
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For |t| < 1/||T|l, F(t) = (I +tT)~" exists and if ¢ is also sufficiently small
that (66) holds, then

1
£ < I+ 2tinfRW (D))
Since
F(t) = (—tD)" = I — T + *T*(F(T),
n=0
we have

17 =Tl = IF@I < TP F @]
The right hand side goes to zero as t — 0 and we get
li I—tT|| =1l F(t)|-
Jm | I'=JYim_|[F()]

Using these facts we obtain

5(—T) = lim IEOI=1L

t—0+

< lim 1 < L — 1)
t—0t t \ /14 2tinf ROW(T))
= —inf R(W(T)).
Now replace T by —T to get
§(T) < —infR(T) =supR(W(T)) = 5.

For ||z|| = 1, we have

1
R[Tx, ] = HI(I)1+ ;(\/1 + 2tR[Tx, x] + t2|[tx, 2]|2 — 1)
t—
1
< lim —(||I +¢T|| —1).
< lim (|7 + 7] - 1)

Thus £ < §(T) and (i) is proved.
For any z € X and sufficiently small ¢ > 0, we have from (66) that

I(Z =¢T)z|l = (V1 + 2t inf RW (=T))) |||

= (V1=2tf)||=]|
> (1 —t8)]=|.

By induction, we get
(I —2T)"x|| = (1 —¢8)" |||
so that for any ¢t > 0 and sufficiently large n we have
t t
I—-T)%|| >0 —-=08)"=|.
I = —T)al = (1= 2 gy e
Letting n go to oo in the inequality above, we obtain
lexp(—tT)z|| > exp(—tB)|z|.
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It follows by letting « = exp(tT")y, where ||y|| = 1, that

1= [lyll = exp(—tS] exp(tT)y||
from which we conclude that || exp(tT)| < exp(t3) for all ¢ > 0. Hence,

1
(67) sup- log]| exp(tT) | < 6.
>0

We may write || exp(tT)|| = || I +tT|| + f(t) where |f(t)| < vt for some v > 0
and 0 <t < 1. Since logt > —

for t > 0, we see that

(I +T) - 1) + ()
11+ 2T + £(2)

1
L log | exp(t)] =
Now, we let ¢ — 07 to obtain

. 1
(68) Jlim = log | exp(tT)]| 2 6.

Both (ii) and (iii) follow now from (67) and (68). O

5.2.6. THEOREM. Let H be a bounded operator on a Banach space X.
The following are equivalent:
(i) H is Hermitian; that is, W(H) C R.
(i) ||+ ¢tH|| =1+ o(t).
(iii) || exp(itH)|| =1 for allt € R.
(iv) exp(itH) is an isometry for each t € R.

ProOOF. We note that W(H) C R implies that
(69) sup R(W (iH)) = sup R(W(—iH)) =0

and by part (1) of Lemma 5.2.5 we must have
.1 .
%1_)0 ¥(||I—|- tH| - 1) =0.

The equivalence of (i) and (ii) in the theorem follows from this.

Again suppose that H is Hermitian. Then (69) holds and by Lemma
5.2.5 (ii) applied to both H and —H, we must have ||exp(itH)| < 1 for all
real ¢. It follows from this that || exp(itH)|| = 1 for all real t. Thus (i) implies
(iii) in the statement of the theorem.

On the other hand, if || exp(i¢H)| = 1 for all ¢t € R, then (69) is satisfied
by Lemma 5.2.5, and so we have ||I + itH| =1 4 o(t) as before.

Finally, if part (iii) of the theorem holds, then for any z € X,

]| = || exp(—itH)(exp(itH)z)|| < || exp(itH)x|| < |||

so that (iii) implies (iv). Since the other implication is obvious, the proof is
complete. |
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From here on we shall assume that the Young’s function ¢ is such that the
norm on L¥ is absolutely continuous. (See Theorem 5.2.4(vi).) In particular,
this means that if f € L¥, then [ ¢(r|f|)du < oo for every r > 0.

The first thing we will do is describe a semi-inner product which is com-
patible with the Luxemburg norm on an Orlicz space.

5.2.7. LEMMA. If the norm on L¥ is absolutely continuous, then || f|| = 1
if and only if I.(f) = 1.

PROOF. Suppose | f|| = 1. Then [¢ (%) dp < 1 for every € > 1. If
{€en} is a sequence approaching 1 from above, then

Jo (D) au— [ etsian

by the Monotone Convergence Theorem, and we must have I,(f) < 1.
On the other hand, if {e,} — 1 from below, then [¢ (%) dp > 1 for

each n, I, (%) < 00, and by the Lebesgue Convergence Theorem, we must

have I,(f) > L.
For the converse, note that if I,(f) = 1, then | f|| < 1. Therefore we

must have
1= [etsbans [ () an=n

e fI/ILF1) = w(lfD) a-e
IE (£ @I/IIf11) = (If@®)]) for even one ¢ € € where |f(¢)| # 0, then [[f]| = 1.

If this fails, then |f|/| f|| has all its values in an interval of constancy for .
This would lead, by Young’s equality 5.2.4(viii)b to

wor o=y (375) = )+ (¢ (i) =2 (i) o=

which is impossible. |

and hence,

5.2.8. LEMMA. Let L?(Q2, X, 1) be an Orlicz space with absolutely con-
tinuous norm. For f,g € L¥, let

(1) mmzcw/waﬂwaw

where
nw//m¢QﬂQ

Then [f, g] defines a semi-inner product on L¥ which is compatible with the
norm.
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Proor. We interpret C(g) to be 0 when g = 0 a.e. The integral in the
denominator of the expression for C'(g) is positive unless g = 0 a.e. That this
is so can be seen from replacing f by ¢ in (70) above. To see that the integral
is finite, we use the inequality (viii)c from Theorem 5.2.4. Thus

[ g ) =t [ e (1) < o (G5 ) o<

It is clear from the definitions that [g, g] = ||g||? for any g € L¥. Hence [g, g]
is positive definite, and [f,g] is obviously linear in the left argument. To
complete the proof, we must show that |[f, g]| < || f|lllg]| for all f, g in L¥.

Suppose that f, g are each of norm 1 so that [ o(|f)dp = [ ¢(|g|)dp=1
by Lemma 5.2.7. Then

1,4l = C(o) \ [ 56 (25 saman
¢ () ‘ i
< C(g)/{ (7D + (<p (%))}du (by Theorem 5.2.4(viii)a)

~ J{elfD) + e (¢ (lg) Ydp
— [{elgl) + ¢*(¢'(l9)) }dp
—1.

(by Theorem 5.2.4(viii)b)

The desired result now comes easily since positive scalars factor out of both
components in [f, g]. O

Next, we establish a class of operators which are Hermitian on L¥.

5.2.9. LEMMA. Ifh € L*°(Q, X, 1) is real valued, the operator Hy, defined
by Hnf = hf for all f € L¥ is o bounded Hermitian operator, and ||Hp| =
[172]lco-

Proor. For the s.i.p. [, -] as given by (71), we have

[Hnf. 1= /hf*"(|||;:|>3“"”fd“ Y /h'f"(%%“

is real for all f.
Since |hf| < ||h||co|f| a-e., we have

[HRFI < (IRl £l
for all f, and so ||Hn| < ||k|lcc. Here we have used the fact that for any
f,g € L¥, |f| < |g| implies that ||f]| < ||g||. On the other hand, given € > 0,
there exists E € ¥ with u(E) > 0 such that |h(t)| > ||h|lcc — € for all t € E.
For f = xg/||xE| we obtain
[HrfIl = [IRf] = (Al =€)
from which we conclude that || Hp| > ||A||co- O
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It is now the goal to show that every Hermitian operator is of the form
given in the above lemma.

5.2.10. LEMMA. (Lumer) Let H be any bounded Hermitian operator on
L% and suppose that f, g are nonzero functions whose supports F1, Es are such
that w(E1 N Eg) =0. Then

( ) ) ( 7 )
(72) EQHf*"(ann sgngdy /ElH“"*" 17+ al ) S d

PRrOOF. Since f and g have disjoint supports, || f + g| = ||€¥“f + €?¢]|
for all real numbers «, 3. Since H is Hermitian, [H (e’ f 4 e*Pg), &' f 4 *Pg]
is real and some manipulation with the form of the s.i.p. given by (71) leads
to the fact that

i ) ( ] )
/Ele*" (||f+9|| Sgnfd“/&H“"*" 17+ ) 5o

i(a— gl
+ el '6)/ Hfy ( | >sgngd,u
B £+ gl

—i(a—,@)/ , | f]
+e Hgyp ( sgnfdu
B If + 9

is real for all &, 8. If an expression v + €5 + e~*y is real for all choices of
6, then 7 is real and § = 7. Equation (72) follows from this observation. O

5.2.11. THEOREM. (Lumer) Suppose H is a bounded Hermitian operator
on X = L¥(Q, X, u) where the norm is absolutely continuous, and the measure
space is purely nonatomic. Then either X = L*(u), or else there exists h €
L () such that Hf = hf for all f € X. In this case, | H| = ||| co-

PrROOF. We assume that u(2) < oo and that By € ¥, Let x; denote xg,
and suppose that Hy; is not identically zero (a.e.) on Q\E;. Then there exists
a measurable subset E of Q\Ey with u(E2) > 0 such that [p Hxidu # 0.
Let x2 = x g, and let & be a non-negative real number. Application of Lemma
5.2.10 yields

Ixal [5%]
(73) H(axz)¢' (7 dp= | Hyxi¢' | ———— ) dp.
B loxe + x| B loxe + x|

This holds for any «; in particular, it holds for & = 1 from which we can
conclude that

(74) Hyedp= | Hxadp.
E1 E2

Combining the above equality with (73), we obtain

1 «
¢ (frrar) ~ (o) } [, Hodn =0
{*" loxa+xal) ¢ \loxa vl ) S Jo, 72
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and since the integral is not zero, we must have

¢ (famrar) = ()
7 laxs + loxz +all )

Since the measure is nonatomic, we may let ||x2|| — 0 and therefore obtain

the equation
/ o / 1
¢ (rer) == ()
x| [Ixall

for all & > 0. This latter statement would imply that ¢’ is homogeneous, and
s0 (t) = Bt? for some constant 3. In this case, LY = L?(Q}, %, u). Therefore,
if we assume that L¥ # L?, the above calculations lead to a contradiction,
from which we are forced to conclude that support(Hx1) C support(x1).

Let 1 denote the function that is identically one. Since x3 — 1 = 0 on
Ey, it is true that H(x1 — 1) = 0 on Ey. It follows that Hy; = H(1)x;:. We
let h = H(1), and the extension of the previous equation by linearity to the
simple functions is immediate.

A straightforward calculation shows that if E is in X with p(E) > 0, then

[HxE, XE] = ”XE”2/ hdp.
wWE) Jg

Since the left side is always real, we see that A must be real valued. Another
consequence of the equality above is that [ H| is a bound for oz | [ hdul,
from which it follows that h € L.

If f € LY and {o,} is a sequence of simple functions converging in norm
to f, then ho, — hf since h is in L®. The density of the simple functions
and the continuity of H together show that Hf = hf.

In the case where (2, X, ) is o-finite, Q& = (J Q) where u(2,) < o0, and
a bounded Hermitian H can be restricted to Hy, on L¥(£,). By the previous
part, Hyf = hnf where | byl = || Hnll < ||H||. Since hpyq is an extension
of hy, we can define h(t) = hy,(¢t) if t € ,,. Then h is a real L* function and
the fact that H f = hf follows in the standard way. O

‘We come now to the main theorem in this section.

5.2.12. THEOREM. (Lumer) Let X = L?(, %, u) and let U denote an
isometry from X onto itself, where X has an absolutely continuous norm
and the measure space is purely nonatomic. Then there exist a regular set
isomorphism T and a fized function h € X such that

(75) Uft) = h(®T1(f)(t)
where 11 is the operator induced by T .

PRrROOF. Again we first assume that the measure space is finite. Let U be
a surjective isometry as in the hypotheses. It is not difficult to show that if
[f, g] denotes the s.i.p. as given by (71), then

[fa g]U = [U_lfv U_lg]
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also defines a s.i.p. which is compatible with the norm of X. If H is a
Hermitian operator on X, then

[UHU'f, flu = [HU'f,U'f] €R
for all f € X, and we have that U HU ! is also Hermitian. Given a real valued

function g € L*°, it is a consequence of Theorem 5.2.11 that there must be a
real L*°-function § such that

UgU™'f =UH U™ f = gf
for all f € X. Furthermore, we observe that
G192 =Uq1g2)U f = U U™ WU goU™' f = giga f
so that g1g2 = d1g>. Upon applying this fact to the characteristic function of
a measurable set A, we conclude that ¥4 has only the values 0 and 1, and

must therefore be a characteristic function itself. This establishes a mapping
T on X defined by

(76) XA = XTA-
The set map T defined by (76) is readily shown to be a regular set iso-

morphism. It is clear that T(Q2\A) = TO\TA. If {4,} is a disjoint sequence
of measurable sets, then by absolute continuity of the norm,

Xua, = lim Xipa;
n—00
from which we get T(UA,) = UT(A4,). Furthermore, if u(T'A) = 0, then
XT4 = Xa a.e., and since ||Xalloo = [|Xallco = [[Hxal, we must have p(A4) = 0.

Let T be defined on the characteristic functions by T1(x4) = xT4 and
let h = U(1). Then for any A € 3,

Uxa = Uxal = UxaUU(1) = x7aUL = hT 1y a.

Hence, (75) is satisfied for characteristic functions. As in the proof of Lam-
perti’s Theorem in Chapter 3, we can easily extend 7j by linearity to the
simple functions so (75) holds for those as well. We extend the definition of
T1 by (36) of Chapter 3, so that it possesses the properties outlined there in
Remark 3.2.4 (v). In particular, Ty is a positive map that preserves almost
everywhere convergence. Since the set isomorphism 1" preserves disjointness,
it is clear that |T1(o)| = Ti(|o|) for each simple function ¢ and therefore,
|T1(f)| = Tu(|f]) for every measurable f.

Because the norm on X is absolutely continuous, if {g,,} is any sequence
in X which converges a.e. to ¢ in X, and if |g,| < |g|, then g, — ¢ in norm.
Hence, for a sequence {o,} of simple functions converging a.e. to f, with
lon| < |f], we have

Usp, —-Uf
and
Uoy, = hTyo, — RIS,
so that (75) holds for every f € X.
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When the measure space is o-finite, and for 2 = ULQ,,, we proceed as
in the proof of Theorem 5.2.11 (or as in the proof of Lamperti’s Theorem).
For each n, we have from the finite case an isometry U, induced by U on
L¥(Q,) given by Uy fn = hyT) frn, where T} is the operator induced by the
set transformation T}, on the measurable subsets of €2,,. As before, we define
h(t) = hn(t) fort € Q, and T(E) = UT(ENQ,). The result now follows with
T, as the operator induced by 7T'. Again, absolute continuity of the norm is

used.
O

In each of the last two theorems, we assumed that the measure was purely
nonatomic. In fact, however, it is only in the proof of Theorem 5.2.11 that
the nonatomic hypothesis is used. In the case of a general o-finite measure
space (2,3, 1), the number of atoms must be countable, and so the set €2,
consisting of the union of all the atoms is in X, as is its complement Qp. If
Y, and X5 denote the corresponding o-algebras of measurable sets, then we
can write

Lw(Qa Ea:u) = Lw(Qaa Eanuf) + Lw(QNa 2Na:u')

as a sum of two Orlicz spaces, one of which (written henceforth as £#) is over
a purely atomic measure and so is a sequence space, and the other (written
as L%;) over a purely nonatomic measure.

Suppose L¥ # L? and H is a Hermitian operator on L¥. Let A be
a nonzero atom and suppose further that Hy 4 is different from zero on a
purely nonatomic set B with ;(B) > 0, so that [, Hx4 # 0. In exactly the
same way as in the proof of Theorem 5.2.11 we get that

¢ (s ) = (e et
laxs + xall laxs + xall

for all o > 0. Since B contains no atoms, we may let u(B) — 0 and get

# () = ()

for all , so that ¢(t) = ct? for all t > 0. However, this contradicts the fact
that L¥ # L?, and we must conclude that Hx € £.

Now suppose B contains no atoms and p(B) > 0. Then from (74), we
have [, Hxpdp = 0 if and only if [, Hyxady = 0 where A is any atom. By
what we showed above, | 5 Hxa = 0, so that / 4 Hxs = 0. Since this holds
for any atom A, we conclude that Hxp € L% . It follows from the density of
the simple functions, that L% and ¢¢ are invariant under H.

Since we know how a Hermitian operator behaves in the purely nonatomic
case, it remains to characterize it in the atomic case. We are going to impose
the condition that £¥ has a 1-symmetric basis, that is, a symmetric Schauder
basis with symmetric constant 1. This means that £¥ is a sequence space in
which the unit vectors e; (which correspond to the characteristic functions of
the atoms) form a basis with the property that {er(;)} is a basis equivalent to
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the original basis for any permutation 7 of the positive integers. Furthermore,
the symmetric basis constant,

[ee)

K =sup sup I Z a(n)bnexm)l

0,7 | 2 a(njeall<1 ;55

is one, where 8 = (6,,) is a sequence of plus and minus ones.

Under the above assumptions, let us denote our Orlicz sequence space £¢
by E. It should be noted that assumption of the d2-condition itself implies
that £ has a symmetric basis. The presence of a 1-symmetric basis actually
requires that every operator V of the form

(77) Vz = (h(j)z(r(4)))

(where we write y = (y(k)) in place of y = Y ;- | y(k)ex) is an isometry for
any permutation 7 of the positive integers and any sequence (h(k)) of modulus
one scalars. It is known that the biorthogonal functionals {e;} corresponding
to a l-symmetric basis form a 1-symmetric basis for their closed linear span.
In the proof of the next theorem, we will let (z,y*) denote the pairing defined
by

(xay*> = Zx(n)Ma rek, ye E.

We note that if z* € E* such that ||z*|| = ||z, (z,2*) = ||z|?, and T is
hermitian, then (T'z, z*) is real for every x € E.

5.2.13. THEOREM. (Arazy, Tam) Let E = £¥ be an Orlicz sequence
space, different from £2, whose standard unit vectors form a 1-symmetric basis
for E. A bounded operator H on E is Hermitian if and only if there is sequence
a = (a(n)) of real numbers so that a € £°° and such that Hx = (a(n)z(n)) for
allz € E.

ProoOF. The sufficiency of the condition follows from Lemma 5.2.9.

For the necessity, we begin by letting ¢, = (Tex, €5), where T is assumed
to be Hermitian. By the remark preceding the statement of the theorem,
a(n) = tnn is real for each n. To prove the theorem, we must show that
tnx =0 for n# k.

Assume n # k. We first show that ¢, x = #x . For a given 6 between 0
and 27, we let z(8) = e, + €®ex. Then ||2(0)|| 5 = ||en + ex||p and if we take
z*(0) = e, + ePe;, we must have

2= (x(6),27(9)) < [lx(0)]=llz"(0)] =~

so that ||z*(8)|| g~ > 2/||z(0)|| 5. Now suppose that 7 is the permutation of the
positive integers which interchanges n and k& and fixes the other indices. For
a given z = > z(n)ey, let w(z) denote the vector obtained as a result of the
permutation 7 on the coordinates. By the symmetry condition, ||z|| = |7 (z)]|
and the norm of the average of x and () is less than or equal to ||z|. From
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this we get
|z(k) + z(n)|
2

Applying the above inequality to elements x of norm 1, we may conclude that
lz* ()| z> < 2/|len + €k||- Putting this together with the opposite inequality
obtained above, we have ||z(0)| g||z*(0)| g~ = 2.

Let ¢(x(0)) = [lz(0)[|z™(0)/[l<* (0)]|. Then [[¢(z*(0))|| = [lz(6)] and

(@(6), v(*(9))) = I|=I®
so that (Tx(6),¥(z*(0))) is real. It is clear from this that (T'z(6), z*(0)) must
also be real, and a straightforward calculation yields
tnn + tek + ewtn,k + e‘iotk,n is real.

Therefore, tp x = tk n.

Assume there exist 1 <n < oo, =Yy, z(k)ex, y* = > p_; y(k)e} so
that

i) z(k) > 0,y(k) > 0;

(i) |zl = ly*lle- = (z,97) = 1;
(iii) = and y* are linearly independent.

llen + el < -

Assuming z,y* as above, and for 8 = (61,02,...,6,), 0 <0, <27 let

z(0) = i erz(k)er,

v (0) =) ery(k)e;.

Now, ||z(9)] = |ly*(8)]] = L{z(8),y*(9)) for all choices of # and (T'z(8),y*(9))
must be real for all such 6. As a result,
0=(T=z(0),y"(9))

=8 Y M)y

k,l=1
—i . )
= > x(k)y(l)(e’t(ek—el)tl’k _ ez(ol—o,c)tk’l)
k£l
—i i _
=5 g @8t 4 (2(k)y () — 2 Dy(k).
k#l

This calculation clearly implies that

tk(@(R)y(l) —z(y(k) =0 k # 1.
Since x and y* are not multiples of each other, there exist k # [ so that
z(k)y(l) # x(Dy(k) and thus t;, = 0. We can replace z,y* by . =
Y rak)erw), vh =20 y(k)e;(k) for an appropriate permutation to get the
above for any pair k,[. Hence, t;; = 0 for any pair &k # [.
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The proof will be complete when we prove the assumption made above.
To that end, suppose there exists no pair z, y* satisfying (1),(ii),(iii). Hence,
every nonzero ¢ € E with finite expansion with respect to {e,} has a unique
supporting functional which is proportional to x, denoted by a(z)z. It follows
that

l2]1% = e@)|Z-

By taking the Gateaux derivative of the above equation in the direction of
x, we can conclude that « is constant on each ray out from the origin, and
since a(e1) = 1, we are finally led to the conclusion that ||z| g = ||x||¢z. This
contradicts the hypothesis that E # ¢2. O

We will give a more general form of this result in a later chapter.

The form of the Hermitians given by Theorem 5.2.13 gives rise to the
characterization of isometries for the purely atomic case as described by (77).
We close this section by stating a theorem characterizing isometries.

5.2.14. THEOREM. Let L¥ = ¢¥ + L%, where £% is as in the statement
of Theorem 5.2.18 and L¥ # L. If U is an isometry on L¥, then there
is a reqular set isomorphism T of the underlying measure space and a fixed
function h such that

Uf() =h()Taf()

for all f € L¥, where Ty is the operator induced by T. Furthermore, U can
be written as U = U, + Un where U, and Uy are isometries on £ and L%,
respectively.

5.3. Zaidenberg’s Generalization

The Orlicz spaces we have been studying are a special case of a more
general class of spaces called rearrangement invariant or symmetric spaces.
Zaidenberg has managed to characterize the surjective isometries on this class
and we want to give the details of his arguments. Since there are slightly
different formulations of the notion of rearrangement invariant given in the
literature, we begin by giving a careful statement of the form we intend to
use.

5.3.1. DEFINITION. A closed subspace E of a Banach function space X
on a measure space (2,3, 1) is called an ideal space if f € E and g is a
measurable function such that |g| < |f|, then g € E and ||g||x < ||fllx. (Note
that g must be in X by Definition 5.1.2.) If, for f € E and g a measurable
function such that |f| and |g| are equimeasurable, it follows that g € E and
llgll = I fll, we say that the ideal space E is rearrangement invariant(r.i.) We
let 3y denote the elements of X with finite measure, and assume that our
(symmetric) space E has the property that x4 € E for every A € ¥y. We also
asswme that the measure space is o-finite.
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An important assumption that was prominent in Lumer’s results about
Orlicz spaces was that the norm was absolutely continuous. In Zaidenberg’s
work, that assumption has been removed. The following lemma, is useful in
understanding how we can get around the requirement of absolute continuity
of the norm. In the remainder of this section, X will denote a Banach function
space on a purely nonatomic measure space (2, %, u).

5.3.2. LEMMA. Suppose E is an ideal space contained in X with u(Q) <
oo. If f is a bounded element of E, then there exists a sequence {on} of simple
functions in E converging almost everywhere to f such that || f — on||x — 0.

PrROOF. It is enough to prove this for f > 0. Since f is bounded and E is
an ideal space, there is a sequence {o,} of simple functions in E converging
uniformly to f. Letting X’ denote the associate space for X, it follows from
the definition of the associate norm in a Banach function space and [24,
Theorem 2.7] that

If = onllx = [If = onllxr = Sup{/Q |f = onllgldu: g € X', |lgllx < 1}.

For each such g,

/ 1 = oullgldu < ||f—an||oo/ lgldu
Q Q

< ”f - Un”ooCQ

where the last inequality follows from Definition 5.1.1(vii). The conclusion of
the Lemma is clear. O

Before continuing, we wish to mention some terminology that is becoming
widely used in describing isometries. As we saw in Chapter 2, isometries
on continuous function spaces are often describable as weighted composition
operators, and isometries of this type are called elementary. In that spirit, we
will refer to an isometry of the form given by (75) in the statement of Theorem
5.2.12 as almost-elementary. When the regular set isomorphism T which arises
in this case can be given by a point transformation, then an almost-elementary
isometry is actually elementary. We begin with Zaidenberg’s observation that
an invertible isometry on an ideal space which has almost-elementary form
when acting on the characteristic functions is an almost-elementary operator.

5.3.3. THEOREM. (Zaidenberg) Let E be an ideal in the space of mea-
surable functions on (Q, 3, 1) which contains the characteristic functions xa
for A € Xy. Suppose U is an inwertible isometry on E, T is a regqular set
isomorphism on X2, and h is a measurable function such that

(78) Uxa(t) = h(t)xTa(t) for AcX.
Then
(79) Uf(t) =ht)T1f(t) ae.,
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where 11 is the operator induced by T .

PROOF. Let f € E. Then we may construct a sequence {2} of sets of
finite measure in % such that f is bounded on each €2,. Using the fact that
condition (78) holds for simple functions, Lemma 5.3.2, and the properties of
71, we may conclude that

(80) U(fxe.) = h(f) - xr©n)-
If we knew that
(81) U(fxa.) = UHXT0)

then we would have
Uf(t) = h(@)T1f(t) a.e. on T(Qy,),

and the conclusion of the Theorem would follow. Hence, to complete the
proof, it suffices to establish (81), which can be readily seen to be equivalent
to

(82) U(fx@\am)) * XT(@.) = 0

Hence we will assume that (82) does not hold and consequently, there exists
a positive integer n such that g - x7r(q,) # 0, where g = U(fx@\n.))- We
observe that h(t) # 0 a.e. on @ = T(Q). For if h = 0 on a set of positive
measure, there would exist a set B of positive measure such that

Uxs(t) = h(t)xTs(t) =0,

contradicting the fact that U is an isometry.
Suppose, then, that there is a measurable set A C T(2,) and constants
k >0, § > 0 such that 0 < u(T~*(4)) < oo and

(83) klh()xa®)] = [g)xa(t)| = d|h(t)xa(?)]-
Let €(t) = Ty ' (exp(ifarg(g(t)) — arg(h(t))])xa(t)). Then

arg(h(t)T1e(t)) = arg(g(t)) for t € A.
If we define f, on R by

fr(t) = fOxa\a, + 7€(t)

then we obtain
(84) £l = lf== = llg = ThTie| = llgxana + (T|R] £ |g))xall-
To establish (84), note first that since the support of €(t) is in Q,,, we have

£+ (O] = [f(B)xe\, + Te()]
=|f(Oxa\e, — Tet)] = | -]

and since E is an ideal,

||f7’|| = ||f—7’||
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Now by the definition of €(t) we obtain

lg £ ThTi(e)| = lgxara + (lg] £ 7|h]) exp(iarg g)x
= lgxara + (lg] £ 7|R[)x 4l
where the last equality follows because of the disjointness of supports of the
two terms. The equality of norms between the functions on the left and right
of the above display then holds by the ideal property. We note here that since

€(t) is a function with modulus 1, we can conclude from (78) and Lemma 5.3.2
that U(e) = hTie. The equality

[f7ll = llg + ThTe|

is clear from the definition of ¢ and the fact that U is an isometry. This
completes the verification of (84).
The equalities in (84) show, in particular, that

lgxana + (7Rl + [g)xall = llgxara + (7[R = |g))xall
and by the inequalities in (83) we can conclude that for 7 > &,

lgxana + (7 = 0)|hlxall = llgxarna + (7 + 0)[hlxall-
If we let

P(t) = [lfxana + 7lRlxAl,

then v is a convex, increasing function which satisfies the identity ¥(7 + ) =
P(r — d) for 7 > k. This would imply that ¢(¢) is constant for ¢t > x — 4,
which is a contradiction.

O

The theorem we have just proved will be an indispensable tool in what
follows. Our next step is to obtain a characterization of the Hermitian oper-
ators on E. The statement looks much the same as Lumer’s Theorem 5.2.11,
and says that Hermitian operators are multiplications by real L functions.

5.3.4. THEOREM. (Zaidenberg) Let E be an r.i. space such that the norm
on E is not proportional to the norm of the space L*(Q, %, u). If H is a
bounded Hermitian operator on E, then there exists h € L (u) such that h is
real valued and Hf = hf for all f € E. Furthermore, |H|| = ||k co-

ProOF. It suffices to prove that if H is Hermitian, then

(85) Xona - Hxa =0 for all A € Xo.
Suppose (85) holds. It follows easily that
(86) xaHxp = xpHxa forall A, B¢ ¥,,

and so there exists a measurable function h such that
(87) Hya = hyxa for every A€ 3.

(The function h would be given by H (xq) in the case of finite measure, with
the appropriate adjustments made in the o-finite case.)
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If the function h were not essentially bounded, then we could choose, for
each positive integer N, an Ay € ¢ with u(Ax) > 0 such that |A| > N on
AN. Thus,

Nlxaxll < lxanll = [Hxax < 1 H|[lIxaxll
which would contradict the boundedness of H. We conclude that
[7lles < |1 H|-

It is clear from (87) that H(gxa) = gH(xa) for any simple function g, and
by arguments similar to those of the previous theorem, using Lemma 5.3.2,
we can show that

H(gxa) = gH(xa)

for any ¢ which is essentially bounded. In particular, we have, by induction,
that H™(xa) = h™xa for each n, and hence,

(88) e"(xa) =e"xa
for every A € 3. From Theorem 5.3.3 we must have
e (f) = ()

for all f € E. By straightforward calculation, using the series expansions, we
get that

Ce(f) = iH())
and
L e(f) = ihf.

Therefore, H(f) = hf and it is immediate that | H|| < ||A|lcc. Coupled with
our earlier observation, this gives ||H|| = ||A||co. To complete this segment of
the argument, we must show that h is real valued.

For each f € E, we can write f(t) = exp(i6(t))fr(t), where f, is real
valued and 6 is a function on © with values in [0, 27]. Let E, denote the space
of all real valued functions in £ with norm inherited from E. Then f,. € E,
and there exists f in E such that

£ = £11%, and I £1 = 1 £
Let f5 denote the bounded linear functional on E defined by

folgr +ig2) = £ (g1) +if; (g2)-

Note that ||f|| = ||fr|| and it can be shown that ||f5|| = ||£]|- If we define
f* by f*(g) = fi(exp(—if(-))g), then f* has the necessary properties for
lg, f] = f*(g) to define a semi-innerproduct on E which is compatible with
its norm. It follows that

[Hf, f] = f7 (R ) +if7 (S(R) fr),
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and since [H f, f] must be real for every f € E, we have that £ (S(h)f,) is
real for every such f. We conclude that &(h) = 0.

The conclusion of the theorem holds then as long as (85) is satisfied. Our
task now is to show that a denial of (85) leads to a contradiction. Hence
suppose that there is a Hermitian operator Hy and a set Ag € ¥ such that

= Xo\a, - Hoxa, #0.

The function f is the limit of a sequence of simple functions, and by Egoroff’s
theorem, it is the uniform limit of such a sequence on a set of positive measure,
we may find a measurable subset A, of 2\ 4y and a nonzero scalar A such that

(89) x4, Hoxae — Axa || < [MlIxa,ll-

Since A # 0, we must have x4, Hoxa, # 0. Let Aqo,..., A, be any collection
of measurable sets in 2\ Ay which are disjoint from each other and from A4;.
Assume also that p(A4;) = (A1) for each j = 2,3,...,n and let E"*! be
the subspace of E spanned by xa4,,XA4,,--->XA,. Lhere is a projection P
on E™*! which commutes with each projection P4, (where Py, (f) = x4, f)-
Thus Pxa, = x4, for each j = 0,1,...,n and if we let Hy = PHyP, then
H, is Hermitian because it can be shown that ||I — itPHyP| = 1 + of(t).
Furthermore, E™t! is invariant under Hy and

||XA1 (ﬁOXAO) - >‘XA1 ” = ||P(XA1 (HOXAO) - >‘XA1||
< Al

by (89) and properties of P. As before, we see from the above inequality that

XAlﬁOXAO 7é 0.

The sets {A,}7 all have the same measure; therefore, their characteristic
functions are equimeasurable and so have the same norms. If & # j, and A is
any scalar, then

sl < lxa; + Xcal

and we conclude that the characteristic functions are pairwise orthogonal in
the sense of James as well as in the usual sense in case the norm is given by
an inner product. Consider the operator U defined on E™*! by

n
(90) Ulerxa, + -+ aXa, +C0Xa0) = D €56 XA, + C0XAo
j=1
where |¢;| = 1 and 7 is a permutation of the indices 1,2,...,n. If g is an
element of E™t! and given as in the parentheses on the left above, and if
f = Ug, then f and ¢ are equimeasurable. Since F is an r.i. space, we
conclude that ||U f|| = || f|| and U is an isometry. By a result of Rolewicz [268,
Lemma IX.8.4], if the group G of isometries on E™*! contains all operators
of the form given in (90), then G contains all orthogonal transformations on
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the space Y generated by xa4,,- .., XA, , or G consists entirely of operators of
the form
n n
(91) U thXAj = Z ejthAﬂ'(j)
=0 =0
where |e;| =1 and 7 is a permutation of {0,1,...,n}.

Since H, is a Hermitian operator for which E**! is invariant, the restric-
tion of exp(itHy) is an isometry for every real ¢. If such an isometry is of the
form (91), then we must have

(92) eitHOXAo = €0XA;

where 7 = 7(0). If we suppose that j # 1, then upon expanding the left side
of (92) and multiplying both sides by x4, we obtain an equality of the form

w(f +1tg) =0,
where f,g € E and f # 0. Since this must hold for all ¢, we have a contra-
diction. However, if j = 1, then it follows from (92) that

itHo

Ixaoll = lle™ x40 = lleoxall = lxal-

This cannot be since the set Ay was fixed and the set A; could have been
chosen to have a measure that is positive but as small as we wish. We conclude
then, by the aforementioned result of Rolewicz, that the group G consists
entirely of orthogonal transformations. Consequently, the space Y is a Hilbert
space with orthogonal basis {xa4,,...,Xx4,}. Since these basis elements all
have the same norm, we must have, for each y € Y, that

n n
(93) 1l = 11D eixa, 12 = lxan1* D les .
j=0 j=1

Suppose that A and B are disjoint elements of Yy. For n sufficiently
large, we may choose sets Agn), ey ASZ) and B%n), ey B(gn) which are pairwise
disjoint, all of the same measure and such that | J ; A;n) C A, Uj BJ(.n) C B.

Suppose also that the sets are chosen so that

H(A) + 1(B)
on

n

plAaJa | <
J

and the same inequality holds with the A’s replaced by B’s. If N is sufficiently
large for this, we make such selections for every n > N and in such a way that

UAE.”) - UAE-”“) CA
and
UBJ(.”) c UBJ(.”“) c B.
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For positive numbers « and 3,

Pn dn
> X gt + > Pxpm /" oxat Bxs.
=1

j=1
By the Fatou property of Banach function spaces, it is therefore true that

| ZOLXA;M + ZﬂXB§n) I/ lleexa + Bxsll.-

If the sets A, B are both in Q\Xy, then the sets A;n), BJ(.n) satisfy the require-
ments which led to (93). Hence,

Pn dn
[ ZaxAgn) + ZﬂXB§n) I? = 1 46 1% (pnla]? + gl B%)
=1

j=1
— 1> @y P+ Y B

 Nexall® + 18xs|1?
= lellxall® + 1811 1%
Thus we have

(94) lloxa + Bxall* = lal*xall® + 182 x&*.

The properties of an ideal space guarantee that the above equality holds for
any scalars «, 5. If either of the sets A or B (or both) lie inside Ay, then we can
choose sets ;lgn) and Bj(n) (if necessary) in 2\ Ap with the same measures as the
A’s and B’s originally chosen as in the argument above, so that the function
Y ax m + Bx e will be equimeasurable with the original function. From

7
this we can conclude that (94) holds for any two disjoint sets A, B in .
It is straightforward to show, using (94), that for any two simple functions
o and 7,
lo+7II* + llo — 71> = 2]l |* + 2[|7[|*.

Let E® denote the closure of the set of simple functions with support in .
For any f,g € E®, we can take limits of simple functions to show that

1F +all* + 11 = gI* = 2] £1* + 2]lg*-

Therefore, E° is a Hilbert space and since (E®) = E’, we get that E* = £
and FE is a Hilbert space.

In fact, we can show a bit more. Let B be a given measurable set with
w(B) =1, and let A € ¥. Then by an argument involving the partitioning of
the sets A and B into collections of sets of equal measure and (93), we obtain

Ieall = w@) il = ( [ xads) I

This equality can be extended to simple functions and by limits to all elements
of F so that we have

I£1% = Xl 1 172 -
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This statement contradicts the assumption in the theorem about E and com-
pletes the proof. ([

Now that we have cleared away the rather formidable underbrush, the
path to Zaidenberg’s main theorem, the characterization of isometries on r.i.
spaces, becomes quite clear. We remind the reader that throughout this sec-
tion, we are assuming that the measure spaces are purely nonatomic.

5.3.5. THEOREM. (Zaidenberg) Let E1 and Es be r.i. spaces associated
with measure spaces

(Q1, 31, 1), (Q2, X9, ue), respectively, and assume that the norm on Eq
is not proportional to the norm on L*(u1). If U is a surjective isometry from
Eq1 onto Es, then U is almost elementary; that is, there exist a measurable
function h and a regular set isomorphism T from X1 onto X such that

Uft) = h@)T1f(t) for all f € En,
where as before, T\ is the operator induced by T.

PRrROOF. Since U is an isometry, the norm in Es is not proportional to an
L?-norm either. By the previous theorem, each Hermitian operator is given by
multiplication by a real-valued L*°-function. Furthermore, the mapping H —
UHU™! sets up an algebraic isomorphism between the Hermitian operators
on F; and the Hermitian operators on Es. From this we can construct a
regular set isomorphism 7' in exactly the same way as it was done in the
proof of Lumer’s Theorem 5.2.12 and obtain a measurable function h so that
equation (78) of Theorem 5.3.3 is satisfied.

We will comment on the selection of the function A since in the proof
of Lumer’s Theorem, we used the absolute continuity of the norm. If the
measure of €y is finite, then we can take h = U(1) as usual. Otherwise, we
have

Q= D Qv
n=1

where ,ul(Q,(zl)) < oo for each n, and we let
hy = U(XQEL”)'

For t € T(Q%l)), we have h,(t) = hpy1(t) and for any A € ¥y with finite
measure,

Uxaxqw)(®) = h(t)xra(t).

By the argument as given in the proof of Theorem 5.3.3, since x4 is bounded
on each Q%l), we have

Ulxa)Xpqm) = Ulxaxgm)-
From this we get
Uxa(t) = h(t)xra(t),
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and an application of Theorem 5.3.3 completes the proof. |

5.4. Musielak-Orlicz Spaces

Another way to obtain a generalization of the LP-spaces is to allow the
constant p to be replaced by a measurable function p(¢). This results in the
Nakano L?®*)-spaces which are defined in terms of a modular, Iy, similar to
the way in which Orlicz spaces are defined. Thus for a Young’s-type function
o(u,t) = uP® and I(f) = [ ®(|f()|,t)dt, we say that f € LP®) if for some
r >0, Is(rf) < 00, and the norm is given by

(95) |71l = int{e > 0: L (Z1f]) < 1.

These spaces are neither Orlicz spaces nor rearrangement invariant. (For
example, take the basic measure space to be Lebesgue measure on [0, 1] and
let p(t) be 3 on [0,1/2] and 4 on (1/2,1]. The functions xjo,1/2), X[1/2,1] are
equimeasurable, but have different norms.) They are special cases of a class
of spaces called generalized Orlicz spaces or Musielak-Orlicz spaces and the
isometries on this class are known. As in the case of Orlicz spaces, there are
two equivalent norms that can be assigned, and we want to show that the
isometries are the same for both norms. In the entire section we will assume
that we are working with a measure space (2, X, ) that is o-finite, atomless,
and separable.

5.4.1. DEFINITION. A function ®(u,t) from Ry xQ to Ry is said to be a
Young’s function with parameter, or Musielak-Orlicz function, if it is conver
and increasing with respect to u, measurable as a function of t, and ®(0,¢) =0
a.e. In addition, we will assume that
(96) lim 2(wt) =o0 and lim 2(wt)

U—00 [ u—0 U

for almost all t € §}.

Given an M-O function ® (we will use the abbreviation M-O for Musielak-
Orlicz), the conjugate function ®*(u,t) defined for nonnegative u and t € Q
by

(97) D" (u, t) = sup{uv — ®(v,t)}
v>0

:0’

is also an M-O function satisfying the conditions given in (96). We will have
occasion to distinguish between the left and right hand derivatives of ®(u,t)
with respect to u which will be denoted by ®”_(u, t) and &’ _(u, t), respectively.
The subscripts +,- will be omitted when distinctions are unnecessary. We
should note also that the conditions given imply that ®*(u,t) < oo and

(98) lim &' (u,t) = o0 and lim &' (u,t) =0.
U—00 u—0

The reader will have noticed the similarity of the discussion above to that
given for Orlicz functions in Section 2. Indeed, the M-O functions reduce to
the Orlicz functions when ®(u,t) is constant as a function of ¢ for each w.
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We have adopted the convention of using ® for an M-O function instead of
the ¢ used for an Orlicz function. We wish to note that the properties given
in Theorem 5.2.4(viii) have exact analogues which we will not state explicitly
here but which will be needed later. There is one more relationship concerning
an M-O function and its conjugate which we will also need.

(99) ®*(N®"_(u,t) + (1 — N (u,t),t)
=\~ ((I)/— (ua t)a t) + (1 - A)(I)* ((I)/—i-(ua t)a t)

for A € [0,1].
We will let L® denote the set of all measurable, scalar-valued functions
f such that

@@ﬁ=A¢Mﬂmww<m

for some r > 0, and E? will denote the set of all f € L? such that Is(rf) < oo
for all » > 0. Then E® is a subspace of L® which is equal to L® whenever
& satisfies a Ag-condition (see Definition 5.2.2). The equations (63) and (64)
from Section 2 (with ¢ replaced by ®) define Banach function norms for
which L? is a Banach function space. As in the case of Orlicz space, these
two norms are equivalent and it is our goal in this section to show that the
groups of isometries corresponding to these norms are the same.

We will begin by characterizing the isometries of L® with respect to the
Luxemburg norm

[ £ll: = inf{e > 0: Is(f/€) < 1}.

We will show that any such isometry is almost elementary. The approach will
be similar to that of Lumer for Orlicz spaces although different techniques
are required in some places. In order to minimize the details which must be
given, we will operate in a setting that is not the most general possible. It
should be noted, however, that we do not assume that E® = L? as we did in
Section 2.

It is clear from the definition that if f € L® and ||f|| = 1, then Is(f) < 1.
Examination of the proof of Lemma 5.2.7 shows that if in addition, f € E®,
then Is(f) = 1. On the other hand, Is(f) = 1 implies that || f|| = 1 for
any f € L®. We state a series of lemmas whose proofs require only minor
modifications of those given for similar results in Section 2.

5.4.2. LEMMA. For any g € E®, the functional

(9) /Q F(t)sgn(g(t)® ('“ﬁ( ﬁ' t) dy
2 =lall/ | ot |@(”ﬁ')du

s a support functional of g.

where f € L® and
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5.4.3. LEMMA. Ifh € L*°(Q, X, 1) is real valued, the operator Hy, defined
by Hy(f) = hf is a bounded Hermitian operator on L® and | Hp| = ||/ co-

PrROOF. For this we appeal to a part of the argument given in the proof
of Theorem 5.3.4. Given f € L®, construct f* as in that proof. Then there
is a s.i.p. [,] on L?® such that [g, f] = f*(g) and using its definition, it is easy
to see that [H f, f] is real. O

5.4.4. LEMMA. Let H be a Hermitian operator on L® and suppose f,g
are elements in E® with disjoint supports A, B, respectively. Then
(100)
|f@®)l e [ 190)] —
o (10 0) sonstoan - [ i t) sgng@d
/A 1f + gl B £+ gl

5.4.5. COROLLARY. For A, B which are disjoint and such that x4, XB
are in E®, and for any o, B > 0 with ||axa + Bxs| = 1 we have

gémmwmmww:%@m@wmwww

From this point on we will assume that for almost all ¢ € €2, the function
@' (u,t)
U

U — is monotone. Furthermore, we will assume that yo € E®. This
means that any simple function is in E®. The reader should consult the notes
at the end of the chapter for a discussion of more general results. We now
state and prove a rather technical lemma.

5.4.6. LEMMA. Let A € ¥ with u(A) > 0. Suppose v — W s pon-

decreasing and nonconstant for allt € A. Then there exists a sequence {oum,}
of positive numbers and a sequence {An} of pairwise disjoint sets such that
UA, = A, xa, € E®, Is(anxa,) <1 and for all v > an, there is a subset
B of A, such that

Y(1t)  ®lant
v Qn

or all t € B. (If we assume that 21 s nonincreasing, then the inequality
. U
above is reversed.)

PrOOF. We give the proof only for the nondecreasing case.
If for each pair «, 3 of positive rational numbers we let

_ CP(at) (B2
Ca,@ = {t cA: o < 3 }

then the hypotheses imply that UC,g = A. This family of sets is countable
and we relabel them as a disjoint collection {Cy}. By partitioning the sets
Cp, if necessary, and relabeling again, we have a disjoint family { A, } whose
union is A and for each A,, there are positive rationals «, 3 such that for each
te A,

¥(at) _ (50

o ﬂ and Iq;.(ﬂXAn) < 1.
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For each positive rational v, let
D' (v, D' (v, t
G»,:{tGA: (7’): (a,)}'
v !
Then for t € A,, define the measurable function «(t) by
¥(1t) _ (o)
Yy«
The left continuity of v — ®'(u, t) implies that
O’ (aft),t)  D'(a,t)
alt) o«

a(t) = sup {7 >a: = sup{vxa, (t) + axa,\q, )}

v

and we also have
'(y,t) _ '(at),?)
>
¥ a(t)

for any v > a(t). If we let

= i f
o = ess inf a(t),

then o < a, < t) < B for t € A,. Given v > «,, there exists B C A,
with positive measure such that v > «(¢t) for ¢ € B. Then Ip(anxa,) <

Is(Bxa,) <1 and the set B satisfies the desired properties. O

We now take the first step in showing that a Hermitian operator is a
multiplier. Let

@/
Qo = {t ceQ:u— M is constant}.
u

5.4.7. LEMMA. Suppose u — w is monotone for any t € Q. If H is
o Hermitian operator on L® and B € 3, then

(i) suppH(xp) C Q0 U B.

(ii) If BN Qo = 0 then suppH(xp) C B.

PROOF. Recall that we are assuming that any simple function is in E®.
(i) Let
@' (u, t
P= {t EeMN(QUB):u— P(w,?) is nondecreasing} ,
U

§ = {t € O\(Q U B) : RH(xz)(t) = 0}.

We want to show that RH (xp)(t) =0 a.e in PN S. Suppose there is a subset
A of PNS of positive measure such that H (x p) is positive on A. By Lemma
5.4.6 there is a sequence {ay} of positive numbers and a sequence {A4,} of
pairwise disjoint sets whose union is A4 so that for each n, Is(anx 4, ) < 1. Now
our assumptions about ® and ®' guarantee that Is(vxp) — 00 as v — oc.
Hence we may choose v > 0 and 3, > ay, so that

Is(onxa,) +la(yxs) =1
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and
Is(Bnxa,) = 2le(omxa,)-
Furthermore, there exist disjoint sets A,1, An2 whose union is A,, for which
Ip(BnXan) = To(BaXan, = Io(omxa,).
It now follows that
Is(Bnxa,;) +1o(vxs) =1
for 5 = 1,2 and therefore
lemxa, +vxBll = IBnxa.; + x5l =1
for j =1,2. The application of Corollary 5.4.5 leads to

(101) / Hixn) () 2ot / H(x ( LACIP
Similarly, we get for j = 1,2,

/ H(xs)( ﬂn’ / H(x ( ) ———du,
and upon addmg these two equations we obtain
R e I CTmIGE
The combination of (101) and (102) along with the takmg of real parts gives
(103 [ ma |25 - O] g, o

An B o

It is a consequence of Lemma 5.4.6 that corresponding to G, > «, there is a
subset C of A,, C A such that
(B, t) _ (on,t)
>
B on

for all t € C. Since equation (103) holds with A, replaced by C, it then
follows that RH (xp)(t) = 0 a.e. on C which is a contradiction to the choice
of A. We conclude that RH (xg) = 0 a.e. on PN.S. Clearly, similar arguments
can be given for the other relevant cases and we must have Hyp is zero on
all of O\ (€ U B), which finishes the proof of (i).

(ii) We assume that Q9 N B = () and let W denote the set of ¢ in Q for
which the real part of Hxp is nonnegative. Then we assume that u(W) > 0
and observe that W and B are disjoint. We choose «, 3 such that

Is(axw) + Ia(BxB) = |axw + Bxsll = 1.
By part (i), suppH (xw) C (QoUW) C g, and upon application of Corollary

5.4.5 we must have
D (o, t
/ %HXB(t)Md,u =0.
w (0%
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However, RHxp > 0 on W and ®'(«, t)/« is constant there, so that RHxp =
0 a.e. on W. This essentially finishes the argument, since the cases for
RHxp <0 and SHyp can be treated in the same way. O

We are now ready to characterize the Hermitian operators on L%, the
analogue of Theorems 5.2.11 and 5.3.4.

5.4.8. THEOREM. Suppose (o) = 0 and u — w is monotone for
each t € Q. Any bounded linear operator H on L* is Hermitian if and only if

(104) Hf =hf

for all f € L®, where h is a real-valued L>° function. In this case, | H| =
1]l oo

Proor. The sufficiency is given by Lemma 5.4.3.

For the necessity, assume H is Hermitian. If u(Q2) < oo, let h(t) =
Hyq(t). If u(2) = oo and Q = UQ,, where the Q,’s are disjoint and each of
finite measure, let h(t) = > Hxq, (t). Suppose A € ¥ and A C §,. Utilizing
Lemma 5.4.7 and the disjointness of the €),, we see that

H(xa,)xa = H(xa)xa + H(x@.\4))xa = H(xa),

and

H(xa) = hxa.
It follows that
() = ey
for all real o, and all A C ,,. Now e**¥ is an isometry since H is Hermitian,
and from Theorem 5.3.3 we get that

eiaH(f) — eiahf
for every f in L®. From this we conclude that (104) holds exactly as in the

proof of Theorem 5.3.4. The fact that A must be a real L* function follows
as in the proof of Lemma 5.2.9. O

We are now at the point where we can state and prove the theorem
characterizing the isometries on M-O spaces. The proof that such an isometry
is almost elementary, that is, of the form U f = 11 f, is essentially the same
as given for Theorem 5.3.5. Recall that if T is a regular set isomorphism on
%, then v = poT~! is a measure which is absolutely continuous with respect
to u and so has a Radon-Nikodym derivative with respect to u which we will
denote here by g. Note that ¢ is measurable and that the set of ¢ for which
g(t) = 0 must be of measure zero by properties of T. We are going to obtain a
condition on the weight function & which relates it to the M-O function ® and
the Radon-Nikodym derivative g. This condition, a generalization of the one
in Lamperti’s Theorem (3.2.5 in Chapter 3), also gives a sufficient condition
for the operator U f = AT} f to be an isometry. All of this adds considerably
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to the length of the proof for our main theorem, and before we begin that, it
will be convenient to have the following interesting lemma.

5.4.9. LEMMA. Let v be a positive measure on X with the property that

v(A) = 0 if and only if u(A) = 0, and let ¢ be a positive number If ¢ <

v(Q) < oo and [ is a measurable, real function such that [, f(t)du =0 for
any A with v(A) = ¢, then f =0 a.e.

ProoF. Note first that since u is atomless, the same is true of v. Let
B ={teQ: f(t)>0}, By={te: f(t) <0}

Suppose first that suppf is all of Q. Let A be such that v(A4) = ¢ so that
J4 F(t)dp = 0. Therefore,

/ = / i

Hence both (A N By) and pu(A N By) are positive, and since v(1\A4) > 0,
either v(B1\A) > 0 or v(B2\A4) > 0. If, to be specific, we suppose it is the
former, then we may choose D C AN By such that 0 < v(D) < v(Bi1\A)

and D C B;\A with v(D) = v(D). Now define A = DU (A\D). It is
straightforward to show that

/_f(t)du:/_f(t)du—/ f(®)dp > 0.

However, v(A) = ¢ and so by hypothesis, 7 f(t)du = 0, a contradiction.

If suppf is not all of €2, but has measure greater than ¢, we can repeat
the previous argument with suppf in place of Q. If v(suppf) < ¢, then there
exists a set A with v(4) = ¢ and By U By C A. Again, choose D C AN By
with 0 < v(D) < v(Q\A) and D C Q\A in such a way that v(D) = v(D). If
A = DU (A\D), then v(A) = v(A) = c and [5 f(t)du = — [, fF(t)du > 0,
which is a contradiction. |

We state three integral equalities that will be useful in the proof below.

W(T14) = /A ot)d;

/Afdu=/TAT1(f)gdu;

fdu = /A T (Flg™dys

TA
where f € L®.

5.4.10. THEOREM. Let (o) =0 and suppose that u — is mono-
tone for each t € Q. If U is a surjective isometry on L®, there exist a

D' (u,t)
U
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measurable function h, which is different from zero a.e., and a regular set
isomorphism T such that

(105) Uft) =h@®T1 f(t),
for all f € LT and
(106) ®(aln(t)],t) = g(t)T12(a, 1),

for almost all t € Q and nonnegative real numbers .

Conversely, if a measurable function h, which is different from zero a.e.,
and a regular set isomorphism T satisfy (106), then an operator U defined by
(105) is a surjective isometry of L®.

PROOF. Suppose U is a surjective isometry on L®. Using the character-
ization of Hermitian operators as given in Theorem 5.4.8 and the fact that
H — UHU " sets up an isomorphism on the class of Hermitian operators, we
can find, exactly as in the proof of Theorem 5.3.5, a regular set isomorphism
T and a measurable function h so that

U(xa)(®) = h(t)xra(t)

a.e. Then by Theorem 5.3.3 we have (105). Since U is surjective, we must
have h different from zero a.e. It remains to show that (106) is satisfied.

Let {B,} denote an increasing sequence of sets with positive finite mea-
sure whose union is € and such that |k| is bounded on each B,. For each n
let D,, = T~(B,) and choose a,, such that fDn b (ap, t)du = 1.

Suppose & > ay. For A C Dy, with [, ®(c, t)dp = 1, we have

lexall = [|U(axa)ll = lahxral = 1.
Since h is bounded on TA C B,, it must be true that ahyra € E® and

Iy (ahyxra) = 1. Therefore, by letting f(t) = Ty (®(alh(t)],t)[g(t)] ") in the
second integral equality preceding the statement of the theorem, we get that

[ 1 o 2(aln)] 0dn = | B(afplo] s = 1.
A TA
It follows that

A{Tfl([g(t)]_l‘?(alh(t)l, t)) — ®(e, t)}dp =0

for all A C Dy, with [, ®(a,t)du = 1. Now by an application of Lemma 5.4.9
using appropriate identifications, we can conclude that the integrand above is
zero a.e in Dy,. Hence (106) holds for almost all ¢t € D,, and & > au,.
Now suppose o < @y, and § = fDn ®(cr,t)dp. Then 0 < f < 1 and if
A C Dy, with [, ®(a, t)dp = 3/2, we may choose v > oy, so that
/ (v, t)dp =1 - g
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Next we select B C Dy \A such that [, ®(v,t)du =1— /2. Thus,

(107) / ‘I’(a,t)du+/ (v, t)dpu =1
A B
and it follows that

laxa+vxsl =1 and |ohxra +vhxTsl = 1.
Once again, the boundedness of h on both T'A and T'B implies that ahxr4 +
vhxre € E® and therefore
Is(ahxra + vhxTB) = 1.

Using this last equation and the third integral equality preceding the state-
ment of the theorem, we obtain

/ Tfl([g(t)]_l‘I’(alh(t)l,t))du+/ I (o) e (D), £))dp = 1.
A B

Since v > au,, our previous work shows that ®(y|h(t)|,t) = g(t)T1®(v,t) for
almost all ¢t € D,,. Hence,

[ 3 o) wtotho), e+ [ 06 =1
A B

Combining this with (107), we see that

AT (o) Balh(o)], ) - (e D=0

for any A C Dy with [, ®(a,t)dp = «/2. Another application of Lemma
5.4.9 leads us to conclude that (106) holds for all & < a,, and almost all
t € D,,. However, we have already seen that the result holds for a > ., on
D,,, and since UD,, = © we have that (106) holds a.e.

For the converse, it is straightforward to show, using both (105) and
(106), that

Io(Uxa) = Io(xa)

Clearly, the same equation is true for simple functions. For f € L®, there
exists a sequence {f,} of simple functions in E® which converges to f and
| =] < |f| a.e. The same holds for {®(|f,(¢)],t)} and ®(|f(¢),t) so by Fatou’s
Lemma,

/ B(|£(t)],t)dp = lim in / () £ult)], D)l

But Is(fn) = Is(Ufy) so Is(f) = limIs(Uf,). By (105) and properties of
11, we can apply Fatou’s lemma again to get

Io(Uf) =limIs(Ufy) = Io(f).

Hence, for any o > 0, Is(af) = Is(aU f), from which it follows that |U f| =
|| 1|. Furthermore, U must be surjective since h(t) # 0 for almost allt € Q. O
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5.4.11. REMARKS.

(i) Theorem 5.4.10 is a generalization of Lumer’s Theorem for Orlicz
spaces (5.2.12) which includes both necessary and sufficient conditions.

(ii) Condition (106) directly generalizes (89) in Lamperti’s Theorem 3.2.5.

(iii) Theorem 5.4.10 also shows that every isometry on L*® is a modular
isometry; i.e., Io(Uf) = Is(f) for every f € L®.

In the introduction, we advertised that we would characterize the isome-
tries on L® for the Orlicz norm and show, in fact, that they are the same as
for the Luxemburg norm. In so doing, we intend to be a bit stingy with the
details, giving only those which are required to show how to deal with the
different norm. We recall that the Orlicz norm is given by

1o = sup { gl Ta-(0) < 1} = fut 1+ o),

The inequality on the right in the display above is sometimes called the
Amemiya formula. In fact the infimum may actually be achieved for some
k between ky < ko defined by

oy = inf{k >0: /(I’*(iI”(k|g|)) > 1}

ky = sup{k >0: /(I’*(tI”(k|g|)) < 1}.

For each g € E®, it is possible to associate a function G such that Ip«(G) = 1
and such that

Fy(f) = I1£1 / £(t)sgng(£)G (£)dy

defines a support functional of g. Such functionals would therefore determine
a semi-inner product that is compatible with the Orlicz norm. In the case,
for example, where k1 < k < ko, a suitable G is found by taking G(t) =
' (klg(t)],1).

We will show that any Orlicz-norm isometry must be almost elementary.
To accomplish this, we follow our oft used formula: show that the Hermitian
operators are multiplications by bounded real functions. The first step is to
prove the following familiar-looking lemma.

5.4.12. LEMMA. Let H be o Hermitian operator on L® with the Orlicz
norm. Let G be a function assigned for f € L®. For any A,B € % with
ANB =0,

l/-HfXB‘San‘C::l/ HfXA‘39nf‘G-
A B
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PrROOF. Let Pf = fxa and Qf = fxp. Then P and @ are Hermitian
projections on L® satisfying PQ = 0. By known results about Hermitian
operators, it is the case that for any Hermitian operator H and any f € L%,
the support functional values Fr(xaH fxp + xBHfxa) and iFy(xaH fxB —
xBH fxa) must be real. Hence,

Fe(xaHfxp) = Fr(xpH fxa)
The result now follows from the definition of F. O

As it has been in the earlier sections of this chapter, the next step is a
bit difficult (see Lemma 5.4.7).

5.4.13. LEMMA. Assume that u(Qo) = 0. If H is a Hermitian operator

on L® with the Orlicz norm, then suppHx 4 C A almost everywhere for any
AeX.

PrOOF. Let A € 3 with u(Q\A) > 0. Let 0 < v < § be arbitrary and
note that since by our assumptions we have [ ®*(axq,t)du < +oo for all
a > 0, we must also have

/(I}*((I”(a, t),t)dp < 00

for any @ > 0. Since p is nonatomic, there exists A; € X with A; C A€ such
that

u(AN\A;) >0 and *(®' (B, 1), t)du < 1.
Ay
Since lim,,_,¢ ®'(u,t) = 0, there exists o > 0 such that
[ & @ @o.0dmr [ @ @E00d<
A Ay
The o above can be chosen so that we also have
[+ [ e@E) =1
A Ay
Now it follows that there exists A; € [0, 1] so that
M [ E @@+ n) [ @@+ [ @) -t
A A Ay
Hence by equation (99), we have
[t @+ a-reaa)+ [ e @@) 1.
A Ay

For f = aoxa + Bxa,, the function
F(t) = (M@, t) + (1= )@ (o, 8))xalt) + (8, t)xa, (£)

defines a support functional for f.
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Since v < 3, we have [, ®*(®'(v)) < [, ®*(®'(#)), and in the same
way as before, there exist a set (possibly empty) As C (AU A1)%,6 > 0, and
A2 € ]0,1] such that

[ot@+a-w @+ [ e @)
A Ay
+/ O* (M@ (0) + (1 — Xo)®' (6)) = 1.
Az
If we let g = avxa + vxa, + dxa,, then
G(t) = [MPL(a,t) + (1 — M) (o, t)]xa(t)
+ [P2®@_(0,1) + (1 — A2) @, (0,8)]xa, (t) + D' (7, t)x 4, (2)

is a support functional for g. We then apply Lemma 5.4.12 to obtain the two
equations

/ HﬂXA1F = HO‘XA(I’/(ﬂa t)a
A Ay

and
/HVXAlG:/ Haya®'(v,1).
A A,

Fort € A, F(t) = G(t) and the above equations may be manipulated in order
to obtain

(108) Haxa) [‘I’/(ga t ‘I’/(:))//a t)} —o.

Ay
In fact, we get this same statement for any B C A; and similarly, since
[4- ®*(®'(8)) < o0, we can find disjoint sets A',..., A* with the property
that A° = U%_, A7 and [,; ®*(®'(5)) < 1 for each j, where also pu((AUA?)°) >
0. We can repeat the previous arguments with 4; replaced by A’ and conclude
that (108) holds for A7 instead of A;. Indeed, it follows that (108) holds for
any B C A7 and hence for any B C A°. The integrand in (108) is therefore
zero for almost all t € A°. The conclusion is that {¢t : Hx4(t) # 0} is contained
in Qg which has measure zero, and this implies that suppH- 4 is contained in
A. O

We now state formally the facts that the Hermitian operators for the
Orlicz norm are multiplications exactly as for the Luxemburg norm, and that
the isometries for the Orlicz norm are almost elementary. The proofs are the
same as the proofs of Theorem 5.4.8 and Theorem 5.4.10 and will be omitted.

5.4.14. THEOREM. Suppose that (o) = 0 where Qo is the set of t for
®'(u, 1)
u

' (u,t .
which M is constant. Suppose further that u — is monotone for

u
every t € Q and that each simple function is in E®.
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(i) If H is a Hermitian operator on L® with the Orlicz norm, then there
is a real valued L™ -function h such that

Hf = hf

for all f € L? and || H|| = ||]|co-

(i) If U is a surjective isometry on L® with the Orlicz norm, then there
exist a measurable function h, which is different from zero a.e., and a
reqular set isomorphism T such that

(109) Uf(t) = h(t)T1 (D),

for all f € L2.

One of the goals in this section was to show that the isometries are the
same for both the Luxemburg and Orlicz norms. Recall from Remark 5.4.11
(iii) that every isometry for the Luxemburg norm is a modular isometry. It
follows from the Amemiya formula stated earlier that a modular isometry will
be an isometry for the Orlicz norm. In order to verify the converse statement,
we will need another lemma.

5.4.15. LEMMA. Let T} be the operator induced by a regular set isomor-
phism T. If for each k > 0 and v > 0,

_ (k)
®(kv,t) = Tltﬁ(l,t)Tl(I’(v’ t),
then
kuTy®(1,t) . ®*(u,t)

T18%( TL®(1, ).

sk )T B

ProoF. From the definition of ®* given by (97) we can write

& (kuTltI’(l,t) ) [kuvTﬁI’(l,t)
DAY ) = sup |

&(k, 1) Sl Bk, t) _q’(”’t)}

= up [wo @ (i)

Now ®(\,t) = &(\kk~1) for any A > 0 and so upon application of the hy-
potheses and a little manipulation we have

SO\, T 8(1, 1)

ek~ t) =
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‘We use this equation and the properties of T} to obtain

e (M) < mm o ()}
:zuz%{uw_n@( ’”“”“ 1,t>}
:2‘;%{“1”“1’(T§<f)t>> ;}

S R L ‘I’(T 59}

O

5.4.16. THEOREM. If () = 0, then the groups of isometries of L® in
both Luxemburg and Orlicz norms coincide.

PrOOF. We have already observed that every isometry for the Luxemburg
norm is an isometry for the Orlicz norm. So assume that U is an isometry for
the Orlicz norm. It is known that the adjoint U* is therefore an isometry for
L®" with the Luxemburg norm induced by ®*. By Theorem 5.4.10 there is a
regular set isomorphism 7" and a measurable function h so that

U 9)(®) = h(t)Trg(t)

where
(110) &* (| h(t)], t) = w(t)TltI’*(a, t).
The function w(t) satisfies (wo T~ = [, w(t)dp. Using the third of the

integral equalities given just before the statement of Theorem 5.4.10 and the
form of U* above, we have

[wne= [@War= [ 17 (bsTiglwl)
- / 1 T (N3 (] e

From this we conclude that

By the sufficient conditions given by Theorem 5.4.10 we will be finished if we
can show that

(111) ) (OL|TT__17(ZL))|1€> = T_%w(t)T;lq)(a,t)
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Upon letting oo = 1 in (110), we see that
_ @ (jr@)], 1)
(t) = " :
Th[o*(1,1)]

Using these identifications and properties of 17 and its inverse, one can see
that condition (111) is equivalent to

T1(®*(1 T19*(1
o (PODE Q.00 ) D00
(| (t)],1) (| (t)],1)
This equality follows directly from Lemma 5.4.15 applied to ®* rather than
d. O

We opened this section with a discussion of the Nakano LP(*)_spaces. An
application of Theorem 5.4.10 immediately yields the following theorem.

5.4.17. THEOREM. Assume that p(t) is a real measurable function with
range in (1,400) and p(t) # 2 almost everywhere. Then U is a surjective
isometry on LP®) if and only if

Uf=hTrf

for all f € L") where h is a nonzero measurable function and Ty is induced
by a reqular set isomorphism so that

Tip(t) =p(t), g(t) = |h(t)[P?

where g(t) is the Radon-Nikodym derivative of the measure (o T™1) with
respect to (.

We close with an example of a nontrivial isometry on a Nakano space. Let
T be the set isomorphism on the Lebesgue measurable sets in [0, 1] induced

1—1
by the point map 6(t) = Tt Let

1 14t
A1) 1412

o= (i)

Then p(t) = p(6(¢)) = Tap(t) and

p(t)

2
(1+1¢)2
The conditions of the above theorem are satisfied and

Uf(t) = h(®)T1 () = (ﬁ) " G—lz)

h(t)P®) =

= 10'(#)].

is an isometry on LP()[0,1].
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5.5. Notes and Remarks

Topics which could be considered as belonging to the study of Banach
Function Spaces have been studied ever since the introduction of the Lebesgue
LP-spaces. The primary reference for our discussion has been the book by
Bennett and Sharpley [24]. Other good references are [185] and the thesis
of Luxemburg [207], where the general notion of Banach function space was
introduced and developed.

Lumer’s Method for Orlicz Spaces. The properties of Orlicz spaces
that we have listed can be found in [24], [185], [200], [227], and [262].
Obviously, there are earlier and original sources for many of the properties, but
the reader can chase them down from the references cited. The information
about semi-inner products, numerical ranges, and Hermitian operators, as
well as part (i) of Lemma 5.2.5 can be found in the 1961 paper of Lumer
[203]. The rest of Lemma 5.2.5 and Theorem 5.2.6 are taken from Bonsall
and Duncan [42, pp.28,46].

The results from Lemma 5.2.8 through Theorem 5.2.12 are all due to
Lumer [204], [205]. Our proofs look slightly different in some places because
we have assumed that the norm was absolutely continuous from the outset,
and also we have considered ¢’ to be the left derivative of ¢. For the proof
of the first part of Lemma 5.2.7 it would be enough to assume f € E®, and
the second part can be proved for any f € L®. Lumer’s Theorem 5.2.12 gives
necessary conditions for U to be an isometry and does not establish conditions
for U to be a modular isometry. It is also important in Lumer’s method that
the isometry be surjective. To get sufficient conditions, one must establish
a property for ¢ like that obtained in equation (106) of Theorem 5.4.10 in
Section 4. This was done by Zaidenberg in his paper on groups of isometries
on Orlicz spaces [326].

The proof of the theorem for sequence spaces follows that of Arazy [13].
The reader should also consult [300] and [101] for a discussion of this case. See
Kaminska’s article [163] for a very nice survey of the investigations concerning
isometries of Orlicz spaces.

Zaidenberg’s Generalization. A rearrangement invariant (r.i. space)
or symmetric space is essentially a Banach function space in which functions
and their equimeasurable rearrangements have the same norm. Luxemburg
[208] may have been the first to give a formal treatment of these spaces.
Excellent accounts are given in [24] and [200]. In a series of three papers
[326], [327], and [328], Zaidenberg adopted what was essentially Lumer’s
scheme to produce descriptions of isometries on these generalizations of Orlicz
spaces. The 1977 paper [327] contained no proofs; these were given in [328]
which was in Russian. More recently, Zaidenberg [329] has published an
updated, English translation of that 1980 article, and it is this latest paper
that forms the basis for what we have written in the section presently under
discussion.
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Zaidenberg assumes throughout that the measure space 2 associated with
the r.i. spaces is either [0, 1] or a line with Lebesgue measure. Most treatments
of r.i. spaces begin with the observation that the study of r.i. spaces over
separable (nonatomic) measure spaces reduces to the study of spaces where 2
can be taken to be [0, 1] or [0, co) with the usual Lebesgue measure. This idea
has been attributed to Luxemburg [24, p.62]. One important consequence
of this assumption is that the regular set isomorphism 7' that occurs in the
description of isometries can be given by a point transformation. Such a point
transformation is often called an automorphism or c-automorphism. The
isometries are then always elementary, using the language we mentioned in the
text and which seems to have been introduced in [161]. In our treatment we
have not made this assumption and therefore our characterizations involve the
induced operator 77 and have the form we have called almost elementary. This
(masochistic?) insistence does contribute to slightly less elegant statements
and proofs.

Theorem 5.3.3 and its proof are taken from [327], while Theorems 5.3.4
and 5.3.5 come from [329]. The arguments are difficult and powerful and
we have tried to include as much detail as possible. Note that Theorem
5.3.5 gives only necessary conditions for U to be an isometry. Zaidenberg did
give a sufficient condition for the Orlicz space case in [326]. As one might
expect, the condition involves the Radon-Nidodym derivative of the measure
v = po 0! where 6 is the o-automorphism associated with the isometry.
A year later, Zaidenberg described the isometries on symmetric spaces and
characterized isometry groups in terms of subgroups of the group NS of all
automorphisms on the g-algebra Y. It is a consequence of the theorem of
Banach-Lamperti (Theorem 2.5 of Chapter 3) that when the space X = L?,
the isometry group corresponds to all of NS. Zaidenberg showed that the
converse is true. It is perhaps worth mentioning here that Abramovich and
Zaidenberg have shown that any r.i. space on [0,1] which is isometric to
L?[0,1] actually coincides with L? [2]. Refinements of such questions are
treated by Randrianantoanina [261]. Lin [198] has discussed these results in
connection with transitivity and maximality of norms on r.i. spaces. This
circle of ideas has been summarized nicely by Kaminska [165]. In this paper
just cited, Kaminska also discusses isometries of the Calderon-Lozanovskii
spaces E, where E is a Banach function space and ¢ a Young’s function. By
E, is meant the class of measurable functions f such that ¢(a|f|) € E. If
p(f) = le(f )l when (If]) € E and p(f) = 0 otherwise, then

[f|l = inf{a > 0: p(f/a) <1}

defines a norm on E, with respect to which E, is a Banach space. If F is an
r.i. space, then E, is also an r.i. space [165].

For all of the results in this chapter, it is assumed that the spaces are
over the complex scalars. Indeed, Lumer’s method requires that the scalars
be complex. The real case demands other methods, and these have been
supplied by Kalton and Randrianantoanina [161], [162]. As they put it,
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their methods are ‘distantly related to the Lumer technique.” Their line
of reasoning makes use of the notion of numerically positive operators and
results of Flinn [269]. In addition to extending Theorem 5.3.5 to the real
case, Kalton and Randrianantoanina showed that if the r.i. space X is not
equal to LP for some 1 < p < 0o up to renorming, then |h| =1 a.e. and T is
measure preserving.

Musielak-Orlicz Spaces. The LP(t)_spaces are named for Nakano whose
work on what he called modulared spaces began as early as 1950 [233], [234],
[235]. The main reference for general information about such spaces and later
developments is the monograph of Musielak [227]. The section on comments
of this book is an excellent source for the history of work on this subject. The
material on isometries of Musielak-Orlicz spaces with respect to the Luxem-
burg norm is drawn primarily from [103]. The assumption that characteristic
functions are in the subspace E® was made to make the arguments less clut-
tered. The assumption is not as restrictive as it might appear, since it is
always possible to find a sequence {2, } of measurable sets which form a par-

tition of the measure space {Q2} and such that yq, € E® for every n. The
' (u,t
other two major assumptions involved the behavior of the function M
U
The set g where this function is constant was assumed to be of measure
zero. In fact, the space of functions in L® whose support is contained in g
is isometric to Hilbert space, so that an isometry U on L® when restricted to
this subspace, maps it back into itself. Furthermore, the assumption about

D' (u, t)

these matters can bzé found in [144]. All of the Lemmas and Theorems up
through 5.4.10 are taken from [103].

The results concerning the Orlicz norm on an M-O space are due to
Kaminska [164]. The proof of the fact that the Amemiya formula holds can
be found in [185, p.92]. Musielak [227, p.7] refers to this formula as defining
the Amemiya norm, a reflection of the influence of the Japanese school that
grew out of Nakano’s pioneering work on modulared spaces. Lemmas and
Theorems 5.4.12 through 5.4.16 and their proofs are adapted from similar
ones in [164].

Once again, we remind the reader that we have assumed that the M-O
spaces under discussion are complex Banach spaces. In [144], however, the
authors are able to prove a version of Theorem 5.4.17 for the real case. The
example given to close the section appeared in [103], although a misprint in
that paper has been corrected.

monotonicity of as a function of u can be removed. The details of
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CHAPTER 6

Banach Algebras

6.1. Introduction

The Banach-Stone theorem tells us that every surjective isometry be-
tween C(Q) and C(K) must be of the form Tf(t) = h(t)f(p(t)) where ¢
is a homeomorphism of the compact Hausdorff space K onto the compact
Hausdorff space ), and h is a unimodular function defined on K. The
C(Q) spaces are more than just Banach spaces, of course, and are Banach
algebras which are, in fact, commutative C*-algebras. The mapping ¢ in-
duces an algebra automorphism ® : C(Q) — C(K) which is defined by
®(f) = foew. The map ® is more than just an automorphism, it is an
isometric-+-automorphism in the sense that for every f € C(Q) it is true that
O(f*) = (®(f))* (where f*(s) = f(s)) and ||®(f)|| = |||l In addition to the
automorphism, there is multiplication by an element & of C(K) which satis-
fies the condition hh* = h*h = 1. Hence, every linear isometry in this setting
is the action of a x-automorphism followed by multiplication by a unitary
element.

Given the Banach-Stone result for the commutative C*-algebra C(Q), it
is natural to attempt an extension to the noncommutative case. This would
mean the abandonment of the function space setting that has occupied us in
previous chapters. The first generalization to the noncommutative case was
obtained by R. Kadison in 1951 who stated and proved the following theorem.

6.1.1. THEOREM. (Kadison) A linear isomorphism T of one C*-algebra
A with identity onto another B which is isometric, is a C*-isomorphism fol-
lowed by a left multiplication by a fized unitary operator, viz. T(I).

In Kadison’s terminology, a C*-isomorphism between C*-algebras A and
B is an isomorphism of A onto B which preserves the self adjoint elements
and their power structure (and hence the Jordan structure of A). In the
commutative case we used the fact that the adjoint mapping 7™ must take
extreme points of the dual ball to extreme points of the dual ball. Kadison
made use of the fact that T must preserve extreme points of the unit ball of A
itself. Our proof of the theorem, to be given in Section 2, follows a proof given
by Paterson, but it also uses the fact that extreme points must go to extreme
points under a surjective isometry. Kadison’s theorem gave rise to a burst of
activity involving J*-algebras and JB*-triples which we will discuss briefly in
the Remarks at the end of the chapter. Section 3 is devoted to still another
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146 6. BANACH ALGEBRAS

proof of Kadison’s Theorem, an effort of W. Werner using a differentiability
condition which stirs echoes of Banach’s original proof as given in Chapter
1. In Section 4, we will follow the pattern of earlier chapters by considering
the nature of an isometry between C*-algebras which is not surjective. Our
treatment will be given in the setting of noncommutative functional analysis
and will consider complete isometries.

In the remainder of the chapter, we return to function spaces. In Section 5
we examine Cambern’s treatment of the isometries on the algebras C(M([0,1])
and AC([0, 1]). The arguments here will once again make use of the knowledge
of the extreme points in the dual balls. Finally, we discuss some fairly recent
work of Font that includes a characterization of the isometries on Douglas
algebras; that is, closed subalgebras of L* which contain H°.

6.2. Kadison’s Theorem

The extension of the Banach-Stone Theorem to the noncommutative case
was extremely significant, and its appearance was followed by a flurry of
activity that is still going on today. Kadison showed that the set of extreme
points of the unit ball of a C*-algebra A with identity is exactly the set of
partially isometric elements of A of the form u, where u*u = p, uu* = ¢
and (1 — ¢)A(1 — p) = {0}. The only normal extreme points are the unitary
elements in A and these are the only extreme points with inverses. He then
used this characterization and the fact that isometries must preserve extreme
points to prove his theorem. As with any important theorem, new proofs are
discovered by later investigators and we are drawn to the interesting proof
of Paterson. We will not use the explicit description of extreme points given
above, but extreme points will show up in the arguments.

By a C*-algebra, we mean a Banach-x-algebra for which |z*z| = ||z,
sometimes called an abstract C*-algebra or a B*-algebra. Of course, by the
Gelfand-Neumark theory, a commutative C*-algebra with unity is represented
by C(Q) for a suitable compact Hausdorff space @, and a noncommutative
C*-algebra with unity is represented by a closed, self-adjoint subalgebra of
the bounded linear operators on a Hilbert space. This latter representation is
sometimes given as the definition of a C*-algebra. These well-known repre-
sentations often provide a good guide for arguments in the abstract setting.

In Section 5.2, we considered the notion of the numerical range of an
operator on a Banach space, and defined what was meant by a Hermitian
operator. These concepts are very natural for Banach algebras. Let A be
a unital Banach algebra. Although there is potential for confusing the *
denoting the involution and the same symbol for the dual of a Banach space,
we trust the reader will be able to sort that out. Given an element a € A, we
define the set D(a;.4) by

D(a; A) = {f € S(A") : f(a) = [la] }-

Frequently we will suppress the A in the notation above and just write D(a).
Next let
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6.2. KADISON’S THEOREM 147

Vie; A) = {f(a): f € D(a; A)},
and
v(a) =sup{|A|: A € V(a; A)}.

The set V(a;.A) is called the nwmerical range of a, and v(a) is called the
numerical radius. An application of the Hahn-Banach theorem shows that if
B is any subalgebra of A containing 1, then V(a; A) = V(a; B) and so we will
often just write V(a). An important fact about the numerical radius when
the field is complex is given by

(12) lal > vfa) > o]

An element a € A is said to be Hermitian if and only if V(a) C R, and
we let H(A) denote the collection of Hermitian elements of A.  The next
theorem lists some facts about Hermitian elements, and we state it without
proof. Some parts are equivalent to those of Theorem 5.2.6. In the statement,
r(x) denotes the spectral radius of z.

6.2.1. THEOREM. Let A be a unital Banach algebra. Then the following
are equivalent:

(i) « € H(A),

(i) lims_ot=1(]|1 —itz| — 1) =0,

(ii) [le=] = 1,

(iv) r(z +ia) = ||z + ia| for every o € R.
FPurthermore,

(v) If z,y € H(A), then i(zy — yz) € H(A).
If A is a C*-algebra then

(vi) HA)={ae A:a=a"}.

Suppose that f is a nonnegative continuous function on a compact Haus-
dorff space @ with || f|lec < 1, which is not an idempotent. Then there exists
some 89 € @ such that 0 < f(sg) < 1. There is a compact neighborhood W
of s such that sup f(s) < 1 on W and by Urysohn’s lemma, there exists a
g € C(Q) with range in [0, 1] such that g(sp) = 1 and g(s) = 0 for s not in
W. We may choose € > 0 and sufficiently small that f(1 & eg) is nonnegative
and is in the unit ball of C'(Q). This argument can be adapted to prove the

following lemma.

6.2.2. LEMMA. Let A be a commutative C*-algebra. If x is a nonnegative
element of the unit ball of A which is not an idempotent, then there exists a
nonnegative element a in the unit ball of A for which

za#0, and |z(l L a)| < 1.
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148 6. BANACH ALGEBRAS

Note that if A is a unital normed algebra, and if f(a) = 0 for all f €
D(1; A), then @ = 0 by (112). (This property is sometimes described by saying
that 1 is a vertex of the unit ball of A.) Suppose we write

1:%(1—&)4—%(14—&)

where a € A is such that |1 £ @] < 1. Because the number 1 is an extreme
point of the unit disk in the plane, we must have f(a) = 0 for all f € D(1).
By the remark just above, we conclude that ¢ = 0 and 1 is an extreme point
of the unit ball of A. This is a very special case of the next lemma.

Before stating this lemma, let us introduce some common terminology
for elements of a C*-algebra A. An element z € A is self adjoint is x = z*;
normal if z*x = xz*; unitary if 2%z = zo* = 1; a projection if z? = ¢ and
T* = .

6.2.3. LEMMA. A unitary element of a unital C*-algebra A is an extreme

point of the unit ball.

1
PRrROOF. Suppose = € A is unitary and z = §(y + z) for y,z € S(A).

Substituting this expression in the equation x*x = 1 yields the convex com-
bination

1 y'y+y*z  2zfy+ 2%z
1=—
2 2 + 2

and a similar expression is obtained by using the equation zz* = 1. From
the fact that 1 is an extreme point, we are able to conclude that y and z are
themselves unitary and that y*z = 1. Hence,

y=yy'2)=(y)z =z
which completes the proof. [l

6.2.4. LEMMA. Let A and B be unital C*-algebras and T a surjective
isometry from A onto B. If u is a unitary element of A, then Tu is a unitary
element of B.

PrOOF. Suppose that v € A4 and uu* = u*u = 1. We first prove that Tu
is not a zero divisor. Let x € B be an element for which (T'u)xz = 0. Since
T is surjective, there exists y € B such that x = (T'y)*. Thus, (Tu)(Ty)* =
(Ty)(Tw)* = 0. For any o € C,

lu+ oyl* = | Tu + oTy|* = | (Tu+ oTy)(Tu + oTy)*,
so that
lu+ oyl = |(Tu)(Tw)* + o> (Ty)(Ty)* | < | Tull® + o Ty|l*.
This gives ||u+ ay|| < (1 + |of?||Tu||?)"/2. Since u is unitary, it follows that
I+ auyll = lu+ayll < (1+ |af*|Ty]*)2.
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6.2. KADISON’S THEOREM 149

Now by letting o« — 0 for o € R, we observe that
11+ au™y|| <1+ o0(a) and |1+ iauy]| <14 o).

Therefore, by Theorem 6.2.1, we conclude that u*y € H(A) NiH(A) = {0}.
Hence, y = 0, so that © = (T'y)* = 0. This shows that Tu is not a left divisor
of zero and a similar argument would show it is not a right divisor of zero
either.

Now we want to prove that Tu is unitary. By Lemma 6.2.3, u is an
extreme point, and since T is a surjective isometry, = T'u must itself be an
extreme point of the unit ball of 5. Now z*z must be idempotent, for if that
is not the case, then || = v/z*x is also not an idempotent. If we consider
|z| as a nonnegative element of the commutative C*-algebra B, generated by
|z| and 1, then by Lemma 6.2.2, there is a nonnegative element « in the unit
ball of B, such that |z|a # 0, and |||z]|(1 £ a)|| < 1. Since the algebra we are
working with here is abelian, and the elements |z| and « are self adjoint, we
see that

11 £ a)|z[}[(1 £ a)|]}*|| = [(1 £ a)z"=(1 £ a)|.
Therefore,
(1 £ a)lel]| = (1 + a)(z*2)(1 £ a)||*/? = [|la(1 + a)|*) /2.

Thus ||z(1 £ a)|| < 1 and ||za|| = ||a|z||| # 0, and we would conclude that
z = (1/2)[z(1 4 a) + z(1 — a)] is not extreme. Since x*z is idempotent, and
neither x nor x* is a zero divisor, we must have z*z = 1. Since z* = (T'w)* is
also an extreme point, we have xz* = 1 also, and x = T'u is unitary. |

We are now ready to prove Kadison’s theorem which we state again as
follows.

6.2.5. THEOREM. Let A and B be unital C*-algebras. Then T is a linear
isometry from A onto B, if and only if there exists a unitary element v of B
and a C*-isomorphism 7 such that T = vr.

Proor. We prove the sufficiency first. To that end, let T = vr as de-
scribed in the statement. For any a € A we have
ITal? = [[(Ta)*(Ta)|l = ||(v7(a))* (v7(a))|
= [[r(a)*r(a)[| = 7 (@")7(a)l| = r(7(a"a))
= r(a*a) = [la*al| = [lal|*.
For the necessity, let T' be an isometry as given in the theorem. Set
v =T1. Then v is unitary by Lemma 6.2.4 and so if we let 7 = v*T", we have

T in the proper form. It remains to show that 7 is a C*-isomorphism.
From the definition 7 is linear from A to B, and since v is unitary,

Ir(a)]| = [|[v*T(a)|]] = |T(a)|]] = |la||- Hence, T is an isometry and also
7(1)=1. If h € H(A) then,
|1+ iar(R)|| = ||7(1) +iar(h)|| = |1 + iah| < 1+ o(w)

© 2003 by Chapman & Hall/CRC



150 6. BANACH ALGEBRAS

as & — 0. Therefore 7(H(A)) C H(A) and consequently 7(a*) = (7(a))*.
For h € H(A) and « € R, the continuity of @ — a* implies that e**" is a
unitary element in A and hence 7(¢**") is a unitary element of B. Since T
is continuous and 7(1) = 1, it follows that 7(e**)7(e~**h) = 1. Then we
must have [1 + ia7(h) — o?7(h?)/2][1 — iat(h) — a27(h?)/2] = 1 + O(a?).
This in turn implies that 1 4+ o2[(7(h)? — 7(h?)] = 1+ O(a?®) as @ — 0. It
follows immediately that 7(h%) = (7(h))?. To see that this holds for general
elements x € A, simply write = h + ik where h, k belong to H(A). By the
preceding argument , 7((h + k)?) = (7(h + k))? from which it follows that
7(hk + kh) = 7(h)7(k) + 7(k)7(h). Finally we see that 7(2?) = 7(h? — k? +
i(hk + kh)) = (7(x))?, and thus we have shown that 7 is a C*-isomorphism.
This completes the proof. |

We want to note here that the C*-isomorphism 7 is not necessarily a true
algebra isomorphism for it may not preserve products. It does preserve the
xy + yz

5 For z,y,z € A, if we define

so called Jordan product, zoy =

1
{xaya Z} = §(xy*z + zy*:c),
then
{z,y,2} =(@oy*)oz+ (z0y")ox—(zoz)oy”

and 7 preserves this Jordan triple product. In fact, the isometry T itself pre-
serves this triple product, and suggests generalizations of Kadison’s theorem
to spaces called JB* triple systems.  These are spaces on which there is
a suitably defined triple product {-,-,-}, a *-operation, and a norm which
satisfy certain properties. A JB* homomorphism (or isomorphism) is a com-
plex linear and bounded mapping which respects the Jordan product and the
x-operation. Two such triple systems are then isometrically isomorphic as
Banach spaces if and only if they are isomorphic as JB* triple systems. See
the notes at the end of the chapter for more on these ideas.

In our work above, we assumed that the C*-algebra was unital. A com-
mutative C*-algebra without identity can be representated as a Cy(Q) space,
where @ is locally compact, and the isometries in this case have been char-
acterized as we saw in Chapter 2. In the noncommutative case, the relevant
theorem is the following.

6.2.6. THEOREM. (Paterson and Sinclair) Let A and B be C*-algebras
and T a linear isometry from A onto B. Then there is o JB* (that is, a
C*-isomorphism) T from A onto B and o unitary element U in the algebra
L£(B) such that T =Ur.

By £(B) is meant the set of operators R on B such that there exists
an operator S on B with aR(b) = S(a)b. The pair (R,S) is called a double
centralizer on B. We are not going to discuss the proof of this theorem here.
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6.3. SUBDIFFERENTIABILITY AND KADISON’S THEOREM 151

6.3. Subdifferentiability and Kadison’s Theorem

In Section 1.2 we gave Banach’s proof for his version of the Banach-Stone
Theorem. In that proof Banach used the Gateaux differentiability of the norm
to identify peak points which then corresponded to other peak points under
the isometry. Norm conditions are useful since they are likely to be preserved
by an isometry. In this section, we are going to use a differentiability condition
on the norm of a C*-algebra to help find the C*-isomorphism that arises in
the description of the isometry in Kadison’s theorem. We begin with a result
for von Neumann algebras that will provide the means for showing we have
the necessary isomorphism. A won Neumann algebra is usually defined as a
C*-subalgebra of the bounded operators on a Hilbert space which is closed
in the weak operator topology. More abstractly it has been defined as a C*-
algebra with a predual. Another defining property sometimes used is that the
algebra is equal to its bicommutant.

6.3.1. LEMMA. (W. Werner) A bounded linear map ¥ from one von Neu-
mann algebra A onto a von Neumann algebra B is a JB*-homomorphism if
and only if ¥ maps the projections in A to projections in B. The map is
injective if and only if U(p) # 0 for all nonzero projections p.

ProoOF. We begin by assuming that ¥ sends projections to projections.
Suppose that p, g are projections with pg = gp = 0. Then p+ ¢ is a projection,
and by hypothesis, [¥(p) + ¥(q)]? = ¥(p) + ¥(q). It follows that

U(p)¥(q) = —¥(q)¥(p)

from which we obtain (upon multiplying appropriately on both sides by first
W(p) on the left and then on the right by —¥(p))

U(p)¥(q) = —¥(p)v(9)¥(p) = ¥(¢)¥(p).

Hence, we must have U(p)¥(q) = 0. Now by the spectral theorem, any
self-adjoint element of A is the norm-limit of a sequence of elements of the
form Z?:l o;p; for some real scalars o; and mutually orthogonal projections
pj, i.e., pjpr = 0 if j # k. It follows from above that ¥(a?) = ¥(a)? and
U(a)* = VU(a) for any self-adjoint element a. The extension to arbitrary
elements z so that ¥(2?) = ¥(z)? and ¥(z*) = ¥(z)* is carried out in the
usual way.

If ¥(p) # 0 for all projections p # 0, then ¥ is injective on all elements of
the form ) a;p; as above, and since || 37, a;p;|| = max]|ay], the restriction
of U to the self-adjoint elements must be injective. The extension to arbitrary
elements follows because ¥ preserves the %-operation.

The converse follows easily since the properties of a JB*-homomorphism
clearly implies it must take projections to projections. |

Let us now give the definition of the differentiability condition.
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152 6. BANACH ALGEBRAS

6.3.2. DEFINITION. A real-valued function v on a Banach space X is
said to be strongly subdifferentiable at a point x € X whenever the limit

i 42+ t0) = 9(@)

t—0+ t

exists uniformly for u € S(X), the unit sphere of X.

An element v of a C*-algebra is called a partial isometry if v*v is a
projection. In this case, vv* is also a projection. Given any element a, there
is a partial isometry v such that a = v|a|, where v*va = a and |a| = Va*a.
This is called the polar decomposition of a.

Our purpose in this section is to give an idea of how the notion of sub-
differentiability of the norm at certain elements can be used to describe an
isometry acting on the spaces. We will need some technical results which we
state below. In some cases we will omit the proofs or provide bare sketches.
The remarks at the end of the chapter will guide the reader in finding the
details.

Recall that D(z) is the set of functionals ¢ in S(X™*) for which ¢(z) =
lz||. Suppose that the norm is strongly subdifferentiable at x and for each
y € X let

e+ tyll — [l
= 1 .
ut t—l>rcr)l+ t
Then f is a real sublinear functional and
[l + tyl| — [l«]|

113 < =< 277
(113) fly) <
for all ¢t > 0. It is, in fact, the case that

(114) f(y) = max{Ra*(y) : 2* € D(x)}

for all y € X. It is straightforward to show that z* € D(z) if and only if
Rx*(y —z) < ||y|| — ||=|| for all y € X. To see that (114) holds, note first that
for z* € D(x), we have

[l + tyll — [l

t
for all t > 0, so that Rz*(y) < f(y). On the other hand, for a given y we
can let 2*(y) = f(y) and use the Hahn-Banach theorem to extend to a real
linear functional w* on X for which w*(z) < f(2) < ||z| for all z € X. Let
x* be the bounded linear functional whose real part is w*. Then from (113)
we obtain

Ro () = TRa"[(z +ty) — 9] <

Ra™(z —w) < f(z — @) <t lo +t(z — @)l - ||=]]

and so upon letting ¢t = 1, we get Rz*(z — x) < ||z]| — ||=|| for all z and we
conclude that z* € D(z). This proves equation (114).

6.3.3. LEMMA. (Gregory) The norm of X is strongly subdifferentiable at
x € S(X) if and only if the distance d(¢y, D(x)) tends to zero for any sequence
{¢n} in the dual unit ball such that Ry (z) — 1.
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PROOF. First we prove the ‘only if” part. Suppose the norm is strongly
subdifferentiable at x, and ¢, is a sequence in B(X™*) such that Re,(z) — 1.
Let € > 0 be given and choose t as in Definition 6.3.2 so that

z+ty|| — ||z €
I !I I II_f(y) <

for all y € S(X). Let 0 < n < te/2, and suppose y* € X* satisfies
Ry*(z — ) < ||zl — [|=]| + -

Given y € S(X), choose z = x + ty in the above inequality to obtain
o+ tyll = ||z + tRy* (y) — 7.

From (114) we can find z* € D(z) such that z*(y) = f(y). It now follows
that

w(y - o) < PN ey
z+ty| — ||z €
| lI I ||_f(y)+§

< €.

Hence,
inf{R(y* —z*)(y) : ¥ € D(z)} < e

for each y € S(X). The set e~ (y* — D(x)) is weak*-closed and convex, and by
what we have established above, the sets e~ (y* — D(z)) and B(X*) must have
nonempty intersection. Otherwise, we get a contradiction of the separation
theorem for compact convex sets. Hence, y* € [D(z) + eB(X™)].

Since Ry, () — 1, given n as in the argument above, we can choose n so
that |Ren(z) — 1| < n. From this we have

Reon(y —2) <|lyll = llz[ +n, forall yeX.

By the argument in the previous paragraph, ¢, € D(x) 4+ eB(X*), which
establishes the desired result.
For the ‘if” part, we first note that given any y € X, we have that

t —
tl_i,%l+ w = f(y) exists.

Furthermore, it follows that for all * € D(x) and (z + ty)* € D(z + ty) we
have

0 <t lle+tyll — llll] — f(v)
< [R(z +ty)” — Rae™](y)
<l +ty)* — a7

The goal is to show that the right hand side above goes to zero as t goes to
zero through positive values.
If we denote by D, (z) the set of y* € X* for which

Ry (w — z) < [lwl = [lz[l +
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then our argument in the first part actually shows that for any € > 0, there
is an n > 0 such that D,(x) C D(z) + eB(X*). It can be shown, in fact,
that there exist positive numbers «, € such that D,(y) C D,(z) whenever
ly — z|| < e. Given n > 0 choose v < 1/2. Then for y* € D,(y) for a given y,
and any z € X,

Izl = llzll = Ry (z — ) — v + [yl — ll=|
2Ry (z —2) — v+ Ry*(z —y) + [yl — ||zl
2 Ry*(z — ) = 27+ (lyll = 12y — (D) + [[ull = [l=]]-
If we choose € = (n — 27)/2, it follows that

Izl = llz]| = Ry (z — 2) —n,

so that y* € Dy (x).

Suppose now that {t,} is a sequence of positive numbers going to zero.
For n sufficiently large, we have t,, < €, so that for any y € S(X), and any
v < n/2, Dy(z + tpy) C Dy(z). Let y € S(X) be given. For each n let
¢n € D(z + tpy). Since ¢, € D, (x + tyy) for any v, we get Repn(z — ) <
llz|l = |||l + n for all z whenever t,, < e. (Note the choice of n is independent
of y.) Recalling that ||z| = 1, and 7 is arbitrary, it is easily shown that
R (xz) — 1. The condition now gives that d(y, D(x)) — 0 and this leads
to the desired goal mentioned above. O

6.3.4. LEMMA. (Taylor and Werner) Let A be a C*-algebra and {pn}
a sequence in B(A*). Suppose that p,q are projections in A** such that

[pengll — 1. Then ||png — ¢nl — 0.

Here it is necessary to interpret the meaning of expressions of the form
py and @q. Since ¢ € A** and ¢ € A*, we understand g to be the element
of A* defined at b € A by (pq)(b) = (¢b)(¢). Similarly, pe is given by

(p)(b) = (bp) ().
6.3.5. LEMMA. (Contreras, Paya, and Werner) Suppose the norm of A

is strongly subdifferentiable at a € S(A), and v is a partial isometry in A**
with va € A and v*va = a. Then the norm is strongly subdifferentiable at va.

ProOF. We will make use of Lemma 6.3.3. To that end, let {¢,} be a
sequence in S(A*) with ¢, (va) — 1. If we let ¢!, = ¢,v, then the hypothesis
and the Lemma provides a sequence {¢,,} in D(a) so that ||¢], — .| — 0.
Let 1, = 9/ ,v* and note that each 1, € D(va). Now

lenvv™ = nll = llgnv™ = Yv" || < llel, — ¥l = 0,
and also ||@pvv* — ¢n|| — 0. From this we get that ||¢n — ¥n|| — 0, and by
the Lemma again, the norm is subdifferentiable at va. |

6.3.6. THEOREM. (Contreras, Paya, and Werner) Let A be a C*-algebra
and o € S(A). The following are equivalent.

(i) The norm of A is strongly subdifferentiable at a.
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(ii) 1 4s an isolated point in the spectrum sp(|a|) of |al.
(iii) There exists a partial isometry v € A such that

a€F,o={xe€SA):zv"=w"|z—v| <1}

Proor. (i) = (ii). Let ¢ € A. By the polar decomposition and
Lemma 6.3.5, we conclude that the norm is strongly subdifferentiable at |a].
If B denotes the commutative C*-algebra generated by |a|, then B can be rep-
resented by a space Cyp(Q), where @ is the locally compact space sp(|a|)\{0}.
It can be shown that D(|a|, B) = {1}, where, as usual, 1 is the evaluation
functional at t. If we assume that 1 is not isolated in the spectrum, we can
show the norm is not subdiffferentiable at |a| by using Lemma 6.3.3. This
contradiction establishes the implication.

(i) = (iii). One first uses the continuous functional calculus to find a
projection p € A such that |a| € Fpo. If @ = u|a| is the polar decomposition
of a, then v = up can be shown to satisfy the condition in (iii).

(iif) = (). For p = v*v, it is possible to show that |a| € Fy o and
then that the norm is strongly subdifferentiable at |a|. The key is to show
that D(|a|) = D(p), which is done by considering the commutative C*-algebra
generated by |a| and p. This algebra can be represented by a Cy(Q@) and it
is not too difficult to show that D(p, Co(Q)) = D(|a|, Co(@)). From Lemma
6.3.5, we get subdifferentiability at . We omit the details. |

‘We need one more technical lemma.

6.3.7. LEMMA. (Werner) Let v be a partial isometry in A and a € S(A).
Then
(i) a € Fy0 if and only if D(a) = D(v).
(il) If x € Fy o satisfies ||z — a|| < 1 for all a € F,, then ¢ = v.

PrOOF. (i) Given a € F, ¢, from Theorem 6.3.6, 1 is an isolated point
in the spectrum of |a| and from this one can show that for any projection p
satisfying |a|p = p and |||a| — p|| < 1, then p = v*v. Since v = vv*v = av*v =
ap, we see that there can be only one partial isometry with av* = vv* and
la —v| < 1. If & = u|a| is the polar decomposition of a, then a € F,p¢ as
mentioned in the proof of (ii) implies (iii) of 6.3.6. Hence by the uniqueness,
we must have v = up. We have seen in the proof of (iii) = (i) in the previous
theorem that D(|a|) = D(p). If ¢(v) = 1, then pu(p) = p(up) = ¢(v) =1,
and so (a) = ¢(ulal) = ¢u(|le|) = 1. Similarly, ¢(v) = 1 whenever ¢(a) =1
and we see that D(a) = D(v).

Suppose, on the other hand, that D(v) = D(a). Since the norm is
strongly subdifferentiable at the partial isometry v, it follows from Lemma
6.3.3 that it is also strongly subdifferentiable at a. If follows that there is a
partial isometry w so that aw* = ww* with ||a — w| < 1. By the argument
given above, we must have w = v which completes the proof of this part. (ii)
Suppose z # v and let = u|z| be the polar decomposition of z. As we have
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seen earlier, we must have v = uv*v, so that |z| # v*v and we can find an
element w in the C*-algebra generated by |x| with

viow =v"y, ||Pv—w| <1, ||z]—w|>1.

(One can see how to do this by representing the algebra as a Cp(Q).)
Since v = uv*v, we have uv* = v*v and by part (i), v*u = v*v. From
this we get

v (uw) = vy, ||v—uw| = ||luvtv —uw| < 1,
and also
[ —uw| = [|u*z — v uw| = |[lz] - w| = 1.
This contradiction establishes the desired statement. |

We are now ready to give an alternate proof of Kadison’s theorem. We
will not restate the theorem again here, but recall its statement in Theorem
6.2.5.

PROOF. We first assume that A and B are von Neumann algebras. Let v
be a partial isometry in A. Since the norm is strongly subdifferentiable at 1,
it must be subdifferentiable at any partial isometry by Lemma 6.3.5. Hence,
because T is an isometry, the norm of B will be strongly subdifferentiable at
T'(v). From the implication (i) implies (iii) of Theorem 6.3.6, there is a partial
isometry w € B with

T(W)w* = ww* and ||lw—Tw)|| < 1.
For any x € F, 0, it is straightforward to see that
D(Tz) = (T*)"'D(z) = (T*) ' D(v) = D(Tv) = D(w).
It follows from Lemma 6.3.7(i) that T(F,0) C Fy,0, and the reverse con-

tainment can be shown similarly, so that we have T(Fyo) = Fyo Now
|T(v) — T(z)|| < 1 for all z € F,, and by Lemma 6.3.7(ii), we obtain

Tv = w. In fact, we have shown that T'(v) is a partial isometry and
T'(Fu,0) = Fre),o

for every partial isometry v € A. If we let F, = {a € S(A) : av* = w*},
and z € F,, then the line segment [z, ] lies in F,, as well. It is therefore
possible to write # = v 4 tw where ¢t > 1 and v + w lies in F, o. From the
statement above, we must have T'(v + w) € Frp(y),0 and this can only happen
if T(w)T'(v)* = 0. Hence, T'(z)T'(v)* = T(v)T'(v)*, and T'(z) € Fr(). The
opposite inclusion is shown in the same way. Thus,

T(Fv) = FT(v)

for any partial isometry v.
Let ¥ be defined from A to B by

U(a) = T(a)T(1)*.
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Given any projection p € A, we must have 1 € F, and so from what we
established above,

TMT )" =TE)TE)" =[TOTE)] =TE)T1)" = ¥p).

A projection p is a partial isometry, and from above, T'(p) is also a partial
isometry. Thus T'(p)T'(p)* is a projection which is different from zero, and it
now follows from Lemma 6.3.1 that ¥ is a JB*-isomorphism. It remains to
show that T'(1) is unitary, from which it also follows that ¥(1) = 1.

Choose a € A such that T(a) =1 —T(1)*T(1). Since T(1) is a partial
isometry, we see (as in earlier calculations) that

¥(a) = (1 - T(L)*T(1)TA)* =0,

and since VU is injective, we get T(1)*T(1) = 1. We can apply the same
arguments to (T)* : a — T(a*)* to show that T(1)T(1)* = 1, and so T'(1) is
unitary.

‘We observe here that our expression for T is of the form

T =Wy

which is backward from what was advertised in the statement of the theorem
originally. If we treat the associated isometry (T)* as defined just above, (note
this is not the adjoint map), and get

(T)* = Yo, where v = (T)%(1),
we can define
7(a) = [¥(a™)]* and u=T(1)

to get T = ur as desired.

To complete the proof we now suppose that A and B are unital C*-
algebras. The key is that the double duals, 4** and B** are actually von
Neumann algebras and the double adjoint 7%* is an isometry. Hence, from
the previous part we have a unitary v € B** and a JB*-isomorphism 1y from
A** to B** such that T** = urg. Since 1 € A and 79(1) =1, u = T(1) € B,
and we must have 79(A) C B. If we let 7 be the restriction of 79 to A, we get
T = ur and the theorem is proved. O

6.4. The Nonsurjective Case of Kadison’s Theorem

Isometries on commutative C*-algebras have been treated in Chapter
2 and the results in the nonsurjective case were given in Section 2.3, and
specifically, Theorem 2.3.10. In the particular case where the isometry T
mapped Cy(Q) into Co(K) (Holsztynski’s theorem), the form of T given by
Tf(t) = h(t)f(p(t)) only holds for ¢ in a subset of K, (in fact, the Choquet
boundary of the range of T), and how the functions T'f behave otherwise
plays no role in the fact that 7" is an isometry. In this section we want to
consider what happens to Kadison’s theorem if we assume the operator from
one C*-algebra to another is not surjective. What behavior, if any, of T" will
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be analogous to the restriction of range elements to a certain subset of their
original domain?

In carrying out this investigation of the nonsurjective case, we are going
to range a bit farther afield than usual, and in choosing the setting, touch base
with one of the areas of functional analysis that is currently receiving much
attention. This is the area of so-called noncommutative functional analysis,
which features the study of operator spaces. Hence, it is complete isometries,
rather than isometries, that will be of central interest. There is a very large
body of literature that has arisen featuring a variety of approaches, and we
will try to give an informal discussion that will lay enough groundwork to
make the subsequent results understandable. In the notes we will suggest
some references for the reader who wants to study the subject in detail.

Every Banach space can be embedded isometrically as a subspace of
a commutative C*-algebra C'(K), and the noncommutative generalizations
naturally involve subspaces of the standard noncommutative C*-algebra, the
bounded operators on a Hilbert space. If A is a C*-algebra, and M,, denotes
the n x n complex matrices, then by M, (A) we will mean the set of n x n
matrices with entries from A. Note that M, (A) becomes a *-algebra in the
natural way, and there is a unique way (since the norm is unique on a C*-
algebra) to introduce a norm such that M, (A) becomes a C*-algebra. One
way to see this is to represent A as a space of bounded operators on a Hilbert
space H, and let M, (A) act on the direct sum of n copies of H in the obvious
way.

A self-adjoint subspace S of a C*-algebra A which contains 1 is called an
operator system, while a subspace of A is called an operator space. For such an
S, we let M,,(S) have the same norm and order structure that it inherits from
M, (A). Given a linear map T from S to a C*-algebra B, and any positive
integer n, we define an operator T,, from M, (S) to M,(B) by

To([ai]) = [T(asy)]-
‘We say that T is completely bounded if
1T lep = sup || T || < 0.

Furthermore, we say that T is completely isometric (completely positive) if T,,
is isometric (positive) for each n. The transpose operator S, for example, on
My(C) is positive and has norm 1, but Sy is not positive, and ||.S2|| = 2.

Our goal in this section is to try to characterize complete isometries from
a C*-algebra A into a C*-algebra B. It is a fact that the isometries between
subspaces of C(K) spaces are complete isometries, so that it is a natural
generalization to consider complete isometries on the noncommutative C*-
algebras. Let us prove this last statement along with another observation
that will be useful.

6.4.1. PROPOSITION. Let S be a closed subspace contained in C(Q) for
some compact Q@ and which contains 1. Let ¢ be an isometry from S into
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Co(K) for a locally compact Hausdorff space K. Then ¢ is a complete isom-
etry.

PRrROOF. Fort € K, let ¢! be the linear functional defined on & by ¢%(a) =
#(a)(t). We want to show first that

951 < ll¢*-

Let A = [a;;] be an element of M,(S) and let x = (#1,...,2,) and y =
(y1,...,Yn) be unit vectors in C”. Then

[k (aiDz, v = 1> ¢"(as)z;7i| = [¢°>_ a7
(2% (2%
<161 1Y @il
(2%
The element within the norm symbols on the last line above can be shown to
be the entry in the (1, 1) position of the product, in the C*-algebra M, (C(Q)),
of matrices Y AX where Y is the matrix of all zeros except the first row which
consists of the elements 77 - 1,...,%, - 1, and X is the matrix with all zeros

except the first column which consists of the entries z1 - 1,...,z, - 1. Since
[X] = 1Y) =1, we get

1D agasgill < [YAX]| < | Al
4,4
The conclusion from these last two inequalities is that

9L < 111 All,

which establishes our claim.
Now in M, (Co(Q)), an element G' has norm given by sup;c¢, |G (t)|, and
it can shown that

I¢nll = sup{llgrll : t € @} < sup{|l¢[| : t € Q} = |¢]|.

This shows that ¢ is completely contractive, and the same argument applied
to ¢! shows that ¢ must be a complete isometry. |

6.4.2. PROPOSITION. If ¢ is an algebra %-homomorphism from a C*-
algebra A to a C*-algebra B, then ¢ is completely contractive. If ¢ is injective,
then it is a complete isometry.

PrROOF. If ¢ is a self-adjoint element of A, then the nonzero elements of
the spectrum of ¢(a) are a subset of the nonzero elements of the spectrum of
a; since the spectral radius of a self-adjoint element is equal to its norm, we
have ||¢(a)|| < ||a||- Hence, given any element a € A, we see that

l¢(a)lI* = lle(@)*¢(a)ll = lp(a™a)ll < lla*al = lal*.

Thus ¢ is contractive. The map ¢,, will also be an algebra *-homomorphism
on M, (A) to M, (B), and so it follows that ¢,, is also contractive for each n.
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Now if we knew that the range of ¢ was closed, and ¢ was injective, we
could complete the proof by simply considering the inverse of ¢. Unfortu-
nately, we must work a bit harder. Let us assume that ¢ is one-to-one. We
can see from the argument above that it is enough to show that ¢ is isomet-
ric on positive elements. Let us take A to be the (commutative) C*-algebra
generated by a fixed positive element, and take B to be the closure of ¢(A).
We may assume that units are adjoined to A and B, and that ¢(1) = 1. Then
A and B may be represented by continuous function spaces C(Q), C(K) on
compact Hausdorff spaces @ and K, respectively. The conjugate map of ¢
maps multiplicative linear functionals to multiplicative linear functionals, and
s0 we may think of it as defining a map, which we call ¢*, that is continuous
from K into Q. Since ¢ is an isomorphism and ¢(A) is dense in 55, we have
that ¢* is actually a bijection from K onto @) and, therefore, a homeomor-
phism. It follows that ¢ is an isometry, and thus an isometry on the original
algebras as well.

Note that in the general case, if I is the kernel of ¢, then I is a closed
ideal in A and ¢ induces an isomorphism from the C*-algebra A/I into B with
image ¢(A). By the argument in the previous paragraph, this isomorphism
must be an isometry, and we conclude that the range of ¢ is closed.

Since the above arguments apply to ¢,, for each n, we see that ¢ must be

a complete isometry whenever it is injective.
O

The fact that a x-isomorphism between C*-algebras is an isometry is, of
course, well known to those familiar with C*-algebra theory.

We want to prove another result similar to that of Proposition 6.4.2, but
in a more general setting. We will define a triple system to be a uniformly
closed subspace X of a C*-algebra such that XX*X C X. A bounded linear
map ® between two triple systems A and B is called a J*-isomorphism if it
is a bijection which satisfies

(115) ®(aa*a) = 3(a)®(a)* ®(a)

for all @ € A. An operator on a triple system is called a triple morphism if it
is bounded, linear, and satisfies

(116) By z) = B(x)B(y) B(2).

We warn the reader that language and notation may vary in regard to
these notions.

6.4.3. PROPOSITION. A one-to-one triple morphism ® between two triple
systems A and B is completely isometric.

PrOOF. Recall from spectral theory that if b is a self-adjoint element in
a C*-algebra, then ||b3|| = ||b||>. Hence, for any element a of a triple system,

laa*al® = [[(aa*a)* (aa*a)|l = [[(a*a)®|| = [la*all® = ||a]®.
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Therefore, we have ||aa*a| = ||a||®, and if we apply (115), we obtain
12(a)]* = | 2(a)®(a)* ®(a)|| = |®(aca)|| < [|®][la]®.

We must, therefore, have || ®| < 1. It is straightforward to see that for any
positive integer n, M, (X) is a triple system and ®,, is a triple morphism
between two triple systems. Thus ®,, is contractive, and ® is a completely
contractive. The range of a triple morphism is necessarily closed, and since ¢
is injective, by the closed graph theorem and the previous argument applied
to ®~! we conclude that ® is a complete isometry. O

The fact that ®, in the previous proposition, is contractive would hold
even if @ is only bounded and satisfies (115). Indeed, it can be seen from this
that a J*-isomorphism must be an isometry, but there is a difficulty in trying
to extend the result to the matrix spaces.

Consider the operator T : C([0,1] — C([0, 1]) defined by

T(t) = 5(f o o) (®)+ 3(F o 22)(0),

where ¢ and 2 are continuous functions on [0, 1] to itself such that I = {t €
[0,1] : @1(t) = @a(t)} is a proper closed subinterval of [0, 1], and ¢ (T") = [0, 1].
(Recall Example 2.3.17 from Chapter 2.) If we think of the range of T as being
in the second dual space of C([0, 1]) and take p to be a function defined on [0, 1]

~

which is 1 on elements of I' and 0 otherwise, then the operator R = pT'(-)p
is called a reducing N-compression of T. Note that R is an isometry from

C([0,1]) into C([0,1])** and if § = (1 — p)T(-)(1 — p), then T = R+ S,
and |T(f)|| = max{|R(H)I, S|} for all f € C([0,1]). Observe that the

expression for R can be given by

R(f) = f o1 =ub(f)

where u is a partial isometry (in this case, just the identity) and 6 is -
homomorphism defined on C([0, 1]). Furthermore, it is this part which makes
T a complete isometry. Of course our example is in the commutative case, but
it is this same kind of behavior which will characterize complete isometries in
the general case.

If T is a map from an operator space X into a von Neumann algebra M,
we say that R is a reducing compression of T if there exist projections p, ¢ € M
such that R = ¢T'(-)p = T(-)p = ¢T(-). Letting S = (1—¢)T(-)(1—p), we have
R+ S =T, and ||T(z)|| = max{||R(z)|, |S(z)| } for £ € X and similarly for
matrices. (If one represents M as operators on a Hilbert space, orthonormal
bases may be chosen in such a way as to write T'(-) as a block diagonal matrix
with R and S on the diagonal. It is this idea which gives motivation to the
general definition.) In case T : X — B, where B is a C*-algebra, we say that
R : X — B** is a reducing A-compression of T"if R is a reducing compression
of T. Here, T is the composition of T" followed by the canonical embedding of
B into the von Neumann algebra B**.
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One of the keys to the proof of our main theorem is the notion of a triple
envelope of an operator space. If X is such a space, there exists a pair (Z, j)
consisting of a triple system Z and a linear complete isometry j : X — Z
whose range generates Z as a triple system, and which has the following
universal property: for any other pair (W, ¢) consisting of a triple system W
and a complete isometry ¢ whose range generates W as a triple system, there
exists a (necessarily unique and surjective) triple morphism 7 : W — Z such
that 7o ¢ = j.

‘We need one more piece of terminology. If J is a left ideal in a C*-algebra
A, then J1+ is a weak* closed left ideal in the von Neumann algebra A**.
Thus, there exists a projection p € A** with Jt+ = A**p, and

completely isometrically. The projection p may be taken to be any weak™ limit
point in A** of a right contractive approximate identity for J. The projection
p is called the (right) support projection for J. If J is a two-sided ideal then
p is a projection in the center of A**.

Here is the main theorem. Our proof will be a bit sketchy.

6.4.4. THEOREM. (Blecher and Hay) Let T : A — B be a completely
contractive linear map between C*-algebras. The following are equivalent:

(i) T is a complete isometry,
(ii) T possesses a reducing A-compression which is a 1—1 triple morphism,
(iii) there exists a C*-subalgebra D of B, a closed two-sided ideal J in D,
a %-isomorphism m : A — D/.J, and a partial isometry u € B**, such
that

T(a)(1 —p) = un(a)
and such that u*f(a) = w(a), for all a € A where p is the support
projection for J in D**, viewed as an element of B**. We are viewing
7(A) in the equations above as a subset of (1 — p)B** (1 — p) via the
identifications D/J C D** /J** = (1—p)D**(1—p) C (1—p)B**(1-p),
(iv) there is a projection p in B**, a partial isometry u in B**(1 —p), and
a I-1x-homomorphism 6 : A — (1 — p)B**(1 — p), such that

e

T —p) = uf()
and such that u*I/’(\) =6().

Proor. A 1-1 triple morphism satisfies (116), and is a complete isometry
by Proposition 6.4.3. From this we see that (ii) implies (i). Given that (iii) is
satisfied and by Proposition 6.4.2, for a € A we have

~

IT(a) ]| > [[T(a)(1 = p)l| = [lur(a)|| = [lu"um(a)l] = |7 ()| = |la]-

A similar inequality would hold for the matrix case, and since T is completely
contractive, we see that it must be a complete isometry. The argument for
(iv) implies (i) is exactly the same.
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Suppose now that T is a complete isometry.

For (ii) let Z be the triple subsystem of B generated by T'(A). Since T
is a complete isometry, and since A is its own triple envelope, there is, by
the property of triple envelopes, a surjective triple morphism p: Z — A such
that

u(T(a)) =a
for all A € A. If N denotes the kernel of the mapping p, then Z/N is a triple
system and there is a triple morphism v : A — Z/N defined by v(a) = Ta+N.
If we let p and ¢ denote the right and left support projections of N, we can
think of p as an element in (Z*Z)** C B**. Furthermore we have
Zp=qZ=qip
for all z € Z. Consider the map p: Z/N — (1 — ¢)B**(1 — p) where
plz+ N) =£(1-p).
If p(z4+ N) =0, then £ = 2p so
teZnz%p=N.
Therefore, z € N, and p is one-to-one. It is straightforward to show that
zy*2(1 —p) = #(1 - p)(H(1 — p))*2(1 — p)
which means that p is a 1-1 triple morphism and therefore a complete isometry.
Thus p oy is a 1-1 triple morphism on A into (1 — ¢)B**(1 — p) given by
Ta(l—p) = (1—q)Ta(l—p) = (1—g)Ta. This gives a reducing A-compression
of T which is a triple morphism.

For (iii), consider again the triple isomorphism v : A — Z/N from the
previous paragraph. We may view Z/N as a triple subsystem W = Z(1 — p)
of B**(1 — p) by means of the map p(z + N) = (1 — p). Since p commutes
with the image of Z*Z in B**, we have

T(a1)"T(a2)(1 —p) = (1 = p)T(a1)"T(a2) = (1 = p)T(a1)"T(a2)(1 — p)
for all a1,as € A. If we define 8(ajaz) = p(ai)*p(az), then 6 : A — W*W
can be shown to be a 1-1, surjective *-homomorphism because p is a 1-1 triple
morphism. Choose u to be any weak* limit point of {Te, (1 — p)} where {e,}
is any contractive approximate identity in .A. Then

uf(aiaz) = limp(eq)p(ar)*plaz) = lim p(eqaiaz) = pajaz).
This gives p = u#(-), and in a similar way we can show that u*p(a) = 6(a).
Hence, u*ub = b for all b in the range of # and this will extend to all b in the
weak* closure of the Range of #. Thus u is a partial isometry and we have
7{((1\)(1 —p) =ub(a) and u*ub(a) = 6(a)

foralla € A. If welet D= Z*Z, and J = N*N, we get that W*W = D/J.
Write 7 for the *-isomorphism corresponding to 6 under this equivalence. This
gives (iii) and (iv) as well. O
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We remark that in case T is unital, the space Z in the proofs can be taken
to be a C*-algebra itself, and the triple morphisms become *-homomorphisms.
Also, the v in (iii) and (iv) can be taken to be T'(1).

In the commutative case, we recall that an isometry must be completely
isometric, and since closed ideals of Cy(K) correspond to sets of functions
vanishing on some subset of K, it is possible to essentially recover Holsztyn-
ski’s characterization of nonsurjective isometries on Co(K) spaces from the
theorem above.

6.5. The Algebras C(!) and AC

‘We return here to function spaces which are also algebras. Howeve,r the
algebras under consideration will not be uniform algebras. The goal is to
show that an isometry on these spaces determines an algebra isomorphism.
The spaces we wish to study are

(i) the algebra C'V)([0, 1]) of complex functions continuously differentiable
on [0, 1], with norm given by

(117) 17l = max (|f(£)] + IF'(®)]) for feC
€lo,1]

and
(if) the algebra AC([0,1]) of absolutely continuous complex functions on
[0, 1], with norm

(118) 171 = ma 170 + / |£/(s)|ds for f € AC.

We are going to show that an isometry on C(") (and on AC as well) actually
has the canonical form. We will suppress writing the interval [0,1] when
referring to the spaces.

First we show that for every ¢ € [0,1], there is a function in C'") which
is a “peak” function in the sense that it assumes the max in equation (117)
at t and only at ¢.

6.5.1. PROPOSITION. For each t € [0,1] and 8 € [—m,w|, there exists
h € CY) such that

[h(B)] + [R' ()] > |h(s)| + B (s)]
for all s € [0,1] with s # t. Furthermore, |h(t)] = h(t) > 0 and |/ (t)] =
en'(t) > 0
PrOOF. We start by choosing a real nonnegative continuous function f

for which f(t) = 1 and where the slope of f is 1 on (0,t) (if this set is
nonempty) and —1 on (¢, 1) (if this set is nonempty). Define g € CV) by

9= [ sonia- [ o

It is straightforward to show now that g(¢t) = 0 and
lg@)]+1g' )] > lg(s)| + |g'(s)]
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for all s € [0, 1] with s # ¢. The function
h(s) = e g(s) + 1
has the properties claimed in the statement of the proposition. |

We now associate C(1) with a subspace of a C(K) space. Let K =
[0,1] x [—m, 7], and for each f € C™M) let R(f) = f be defined on K by

F(t,0) = f&) + 7 £ (t).

Then R is a linear isometry from C") onto the closed subspace N = { f:fe
CWY of C(K). Ttis clear that | R(f)|| < || f|| and the reverse inequality follows
since for a given t, there is some @ such that |f(t) + € f/(t)| = |F(O)| +|f (D).

Ultimately, we are going to make use of the extreme point method, and
to determine extreme points of the unit ball of CV), we can make use of our
knowledge of the form of the extreme points in B(N*). Given (t,6) € K, we
let 9(t,0) denote the bounded linear functional on C'Y) given by

D(t,0)(f) = F(t) + 71 (1).

It is probably not surprising that these functionals determine the extreme
points of B((C™M)*).

6.5.2. LEMMA. The extreme points of the unit ball of (C'V))* are precisely
the functionals of the form e1(t,0) for some v € [—m, 7] and (t,0) € K.

ProOF. If * € ext((CV)*), then (R~')*z* is an extreme point in the
dual unit ball of C'(K). Hence there exists (¢,0) € K such that

(R™1)*(@")(Rf) = e Rf(t,0)

for some v € [—m,7]. But it is clear that e Rf(t,0) = e"1(¢t, 0)(f). Hence
x* has the desired form.

On the other hand, let ¢ € [0,1] and 8 € [—w, 7] be given. Let h be
the function guaranteed by Proposition 6.5.1. Then h ‘peaks” at ( t,6) € K
in the sense that ||| = A(t,0) > |k(s,$)| for any (s,¢) € K different from
(t,6). In any Banach space, given any element, there is an extreme point in
the dual unit ball whose value at the element is its norm. The evaluation
functional (which using our previous notation would be denoted by s 6))
corresponding to (¢,6) is the only evaluation functional which satisfies the
requirement mentioned above for i € N and so it must be an extreme point
for the unit ball of N*. Hence 1(t,6) = R*(1(+,¢y must be an extreme point
for the unit ball of (C()*, O

Our goal is to show that any surjective isometry on C'(!) is a unimodular
multiple of a composition operator, that is, of the form f — e** f o ¢, where
¢ is defined on [0,1]. Hence we can expect T(1) to be a constant. Since we
will need that fact to help us prove the theorem, let us make that observation
now.

© 2003 by Chapman & Hall/CRC



166 6. BANACH ALGEBRAS

It is clear that any extreme point of B((C(Y)*) has absolute value 1 on
the 1 function. Hence, if T' is an isometry from C'!) onto itself, then we must
have

|70y (T(1))] = [e79(t,0)(1)] = 1
for all (¢,0) € K. Since |T(1)]| = 1, for each € [0,1] it is true that
1> [T()®)] + T ®)] > [T1)(F) + T (1) = 1
for each 0 € [—m,xw]. Thus |T(1)'(¢)| must be either 1 or 0 for each ¢ and by
continuity it is necessarily identically 0. This yields the following lemma.

6.5.3. LEMMA. If T is a surjective linear isometry on CV), then
T(1)(t) = e
for some \ € [—m, w].

Our previous experience with the extreme point method leads us to ex-
pect to define the function ¢ by utilizing a pairing between extreme points of
the dual ball. However, extreme points involve a pair (¢, ) from [0, 1] x [17, 7],
while ¢ is to be a function of ¢ alone. If T is an isometry, and ¥(t,0) €
ext((CW)*), then T*(¢(t,0) = e7Y(s(1,0), P(1,0). We want to show that
5(¢,0) is a function of ¢ only.

6.5.4. LEMMA. In the notation introduced just above, for each t € [0,1],
5(¢,0) = 5(t,0) for each 0 € [—m, 7).

PrROOF. Let ¢t € [0,1], and define a map 7 : [—7, 7] — [0,1] by
7(0) = s(t.6)-

Suppose T is not continuous at #. Then we may assume there is a sequence
{fn} and a neighborhood V' of s(; ¢y so that 6, — 6 but 7(6,) ¢ V for every
n. Let h be the element of C'1) corresponding to the pair (5(t,0) D(t,0)) as
given in Proposition 6.5.1. Since [0, 1]\V is compact, the continuous function
|A(8)|+|R (s)] assumes a maximum ¢ on the compact set which is necessarily
strictly less than the norm of h. Since (¢,6,) — (¢,6) in K, we must have
P(t, Bn) — ¥(t,0) in the weak*-topology, from which we may conclude

|h(3(t,0,) + €70 B (s(2,0,)| = [R(s(2,0)) + €PEOR (st,0))| = ||]-

This leads to a contradiction.

The image of [—,w] under the continuous function 7 must be a closed
subinterval of [0,1], and, in fact, it must be a singleton. Suppose there is a
nondegenerate subinterval of this interval called J, and there is some 7y so
that $(¢) is not in J. Choose g € CV) such that g is identically zero on J
and |g'(s@,1)| > |9(s¢t,4)| > 0. Then we see that

Tg(t) + €®(Tg) (t) = 0 for infinitely many 6,
and
Tg(t) +€7(Tg)'(t) # 0.
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This simply cannot hold. Hence the range of 7 is a singleton, which means
that s(,0) = 5(t,0) for each 6. |

Because of what we have just proved, we can define a function ¢ from
[0, 1] to itself by letting
@(t) = st,0)-
By also considering T !, it is easy to see that ¢ is a bijection. We are ready
to prove the main theorem.

6.5.5. THEOREM. (Cambern) Let T be an isometry from C'V) onto itself.
Then there is o function @ which is a homeomorphism on [0,1] and X € [—m, 7]
such that

Tf(t) = € f(p(t),
for all f € CY) and t € [0,1]. Furthermore, ¢ is one of the functions j or
1 — j where j is the identity mapping j(x) = x.

PrOOF. Let ¢ € [0,1] and consider the function g defined in the proof of
Proposition 6.5.1 which has the property that g(t) = 0, ¢'(t) > |g(s)| + |¢'(s)|
for all s in [0,1] with s # ¢t. Given any 6 in [—7, 7], we must have
lgll = €% (t,0)(9) = e~ *T*1p(t O)(T ™" (9)) = "X~ p(p(1), bi2,0))(T~"9),
where we have used the constant value of T'(1) from Lemma 6.5.3. For this
equation to hold for all §, it is necessary that (I1g)(p(t)) = 0 and also

P(t,0) = Pt,0) + -
Now suppose f € C1) with f(t) = 0, so that for all § € [—m, 7] we obtain
F(8) = e P9(t,0)(f) = e Ty (t,0)(T 7 (f))
= e O09(p(t), P(e.0)40) (T (F))-
Again we must conclude that (T71(f))(¢(t)) = 0.
Given an arbitrary f in C"), we define g by g(s) = f(s) — f(t). Then
g(t) = 0 and by what we saw above,
0="T"1g(p(t)) = T7 f(e(t) — FONT T D) (p(t)
=T f(p(t)) — e f(2).
Upon replacing f by T'f, we see that
Tf(t) = e fle(t).
For f = j, the identity mapping, the above equation leads to
p(t) = =N (TH)(B),
from which we conclude that ¢ is an element of C''). Hence it is a homeo-

morphism, and from the form of the isometry 7', the function ¢ must satisfy
|’ (t)| = 1. It is therefore clear that ¢y = j or ¢ =1 —j. O

We will state the theorem for the algebra AC and indicate the broad
steps in the proof, but we omit the details.
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6.5.6. THEOREM. (Cambern) Let T be an isometry from AC([0,1]) onto
itself. Then

Tf(t) = € fe(t)
for all f € AC and t € [0,1], and with e = T(1). The function ¢ is given
by ¢ = e AT (j), where j is the identity mapping of [0,1] onto itself.
Let V' denote the closed unit ball of the space L™ ([0, 1]) which is compact
in the weak*-topology. Let K denote the compact space [0,1] x V" and for
f € AC, define f € C(K) by

Ftv) = £(t) + /0 £ (s)5(s)ds.

Then f — f establishes an isometry between AC and a closed subspace N of
C(K). For (t,v) € K, the equation

Bt ) () = £(t) + /0 £ (5)(s)ds

defines a bounded linear functional on AC. As we saw in the discussion of
CM), the extreme points of the unit ball of (AC)* constitute a subset of the
collection of functionals e (¢, v). If 1)(t,v) is extreme, then v is an extreme
point of the unit ball of L*° and so has absolute value 1 almost everywhere
in [0, 1].

For a given t in [0, 1], let v; denote the L* function which is 1 on [0, t)
(if nonvoid) and —1 on (¢,1] (if nonvoid). Then for all t € [0,1] and 8 €
(—=7/2,7/2), the functional 9(t, ev;) is an extreme point for the unit ball of
(AC)*. As before, it is shown that for an isometry T, T'(1) is a unimodular
constant.

For (¢,0) € [0,1] x (—7/2,7/2), we have

T*4(t, €vs) = €7 (s(1,0) Bie.0))-
The key is to show that
Bieoy = €7 B0y and s(1.0) = s(2,0)
for all 8. The function ¢ can be defined by
©(t) = 5(t,0)
and the theorem is proved in much the same way as before.
6.6. Douglas Algebras

A Douglas algebra is a closed subalgebra of L®°(T) which contains H*°(T)
where T is the unit circle endowed with Lebesgue measure. By the Gelfand
theory, we may think of L as a space C'(K) of continuous functions on a
compact Hausdorff space K, which is the maximal ideal space, or equivalently,
the set of multiplicative linear functionals on L°° endowed with the weak™*-
topology. Thus H® can be regarded as a closed subspace of C'(K) which
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contains the constants, and is a strongly separating function subspace of L,
in the language introduced in Chapter 2. Hence any Douglas algebra has the
same properties. If T' is any linear isometry from one Douglas algebra onto
another, then it follows from the de Leuuw, Rudin, Wermer Theorem (2.3.16)
that T is a unimodular multiple of an algebra isomorphism between the two
algebras.

We want to be a bit more precise than that. If we make use of Theorem
2.5.3, we see that for a surjective isometry 7' : M — N, where M, N are
Douglas algebras, there is a homeomorphism ¢ between the Silov boundaries,
IN and M, and a unimodular function A in N so that

TF(t) = h(t) f((t)) for all ¢ € ON.

It is known that the Silov boundary of H* is equal to the maximal ideal
space for L, that is, our set K. Hence, the homeomorphism ¢ is defined
on all of K, and the map Sf = f o ¢ defines an algebra isomorphism on all
of C(K), or by identification under the Gelfand theory, all of L*°. We now
prove a theorem describing such algebra isomorphisms.

6.6.1. THEOREM. (Font) Let S be an algebra isomorphism of L™ onto
itself. Then Sf = foSj for all f € L, where j denotes the identity function
j(z) = z on the circle.

ProOF. It is well known that an algebra homomorphism from a commu-
tative semisimple Banach algebra to another is continuous. Thus S is bounded
and has ||S| > 1. We first want to show that for a closed subset U of T, we
necessarily have

(119) Sxuv = xv 0 Sj.

Suppose (Sxv)(z) = 1 for some z € T. For € > 0, we let {Uy,Us,...,U,}
denote a partition of T into arcs with lengths each less than (1e/||S||), and for
each 7 let oy be the “midpoint” of the arc U;. Also, for each ¢, let V; = U;NU
and W; N (T\U). Then

n
J—> v, — Zaszl
=1

and from the continuity of 9, it follows that

IISII

n n
Sj—Y aiSxv — Y cuSxw;
1 z

We note that Sy is a characteristic function, since S(x%) = (Sxv)?. Thus
Sxu takes on only the values —1,0,1, and if Sy takes on the value —1
on a set of positive measure, then Sy(r\v) = 2 on that subset, which is a
contradiction. By the cozero set of a function f we will mean the set coz(f)
of s € T such that f(s) # 0. The cozero sets of the functions Sy, are pairwise
disjoint, and so (S(xv,)(z) = 1 for exactly one i = ig, while the values for
other choices of i are zero. Hence, by the inequality displayed above, we must
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conclude that |Sj(2z) — ay,| < €. It now follows that the distance from Sj(z)
to U is less than €, and since U is closed, Sj(z) € U, and (xy ¢ Sj)(z) = 1.

Now Sy is a characteristic function, and so has only the values 1 and 0.
If Sxu(z) =0, we need to show that xy(Sj(z)) = 0. Suppose that is not the
case, and there exists a subset W of T with positive measure so that for all
s €W, Sxu(s) =0, and Sj(s) € U. Now we must have coz(S™xw)NU = 0.
Since coz(S™1xw) has positive measure, it contains a compact subset @ of
positive measure. There is a set L so that S~'yw = x from which we
have @ C L. Then coz(Sxg) C coz(Sxr) = coz(Sxw) = W. (Here we
have used the fact that, in general, if A C B, then coz(Sxa4) C coz(Sxp).)
If s € coz(Sxq), then (Sj)(s) € @ as we saw in the previous paragraph.
However, s € W and by the definition of W, Sj(s) € U, which contradicts
the fact that @ NU = §. This completes the proof of (119).

We should observe also that the range of Sj is contained in T. Given
z € T, let W be a closed set containing z. Then yw = Sxy for some closed
set U. Thus (Sxv)(z) = 1, and by what we have above, Sj(z) € U C T.

To prove the theorem, let us suppose there is some f € L* with Sf #
f 057. This means that there is some € > 0 and a set W of positive measure
in T such that

[(Sf — foSj)(2)| >¢€ forall zeW.

By the definition of the norm in L there is a complex number « and a
compact subset V' of coz(S~1yw ) with positive measure such that

€

I fxv —oxv] < o
419

As before, we get that coz(Sxy) C W, and so for every z € coz(Sxv) it is
true that Syy(z) =1 and

€ <|(S)(2)(Sxv) — (F 0 55)(2)(Sxv (2)]
= (S(Fxv))(z) = (f 0 S7)(2)(xv © 55)(2)]|

for almost all z € coz(Sxv ). In the equality we have used the multiplicativity
of S as well as (119). We can write

1S(fxv))(2) = (fxv 0 S5)(2)| > €

for almost all z € coz(Sxv ).
We now reach a contradiction, because we also have

18(Fxv) = (Fxv) o Sl < [15(Fxv) = Slaxw)ll + [1S(axy) = (Fxv) o Sl
< 1+ llaxw 0 85 = (Fxv) o Sl

€ .
2t [ (axv — fxv) o Syl

IA

£ fllaxy — fxvll < =
4 Xv Xv 9
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Let us summarize what we have done in the following theorem.

6.6.2. THEOREM. (Font) Let A and B be Douglas algebras and suppose
T is a linear isometry from A onto B. Then there is a function h € B
which is unimodular and an algebra isomorphism S of L onto itself such
that Tf = h(f 059), where j(z) = z for all z. Furthermore, the inverse of Sj
is S7'5 almost everywhere.

PROOF. Our discussion prior to the statement of Theorem 6.6.1 shows
how to get h and S. Note that h = T'1, so ||h| = 1. Furthermore, there exists
f € Awith || f]| =1 and such that T'f = 1. Hence, for any z € T, we have

1 =[Tf(2)| = [h2)[I(f o 5)(2)| < |h(z)] < 1.
To complete the proof, observe that for any g € 5 we have
S7lg=gos7j
from which we get

j=S8"%8j) = SjoS'j everywhere.

6.7. Notes and Remarks

The consideration of Banach algebras which are function algebras falls
largely under the shadow of the Banach-Stone theorem and its generalizations
which we have previously discussed in Chapter 2. Hence, in thinking about
a chapter on Banach algebras we are naturally drawn to the influential paper
of Kadison [158] in which he characterizes the linear isometries on (possibly)
noncommutative C*-algebras. Kadison’s theorem, 6.1.1 and 6.2.5, plays much
the same role in the noncommutative theory of C*-algebras as did the classical
theorem of Banach and Stone for the commutative case. One interpretation
of the Banach-Stone theorem is that an isometry between C(K)-spaces deter-
mines an algebraic-*-isomorphism between the algebras, which is the point of
view in the papers of de Leeuw, Rudin, and Wermer [85] and Nagasawa [231].
In Kadison’s theorem we see this same form, although it is not an algebra iso-
morphism that is obtained, but what Kadison called a C*-isomorphism. We
have selected two different proofs to present, one of them by Paterson [243]
given in Section 2, and another by Werner [320] in Section 3. It is certainly
worthwhile, however to read Kadison’s original.

The wealth of generalizations of Kadison’s theorem that followed will be
discussed briefly in the remarks on Section 2. We do want to mention some
other results here that go in somewhat different directions.

Let (2, 1) denote a Legesgue measure space with u(2) = 1, and let M
denote the maximal abelian self adjoint subalgebra of £(L?(u)) consisting
of multiplications by L* functions. Given f € L*(u), the corresponding
element in M is denoted by L?. Let o be a measure preserving automorphism
of the measure space and let U, be defined by U, f = foa'. Let N, denote
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the linear subspace spanned by M and U,. Hopenwasser [136] proved the
following theorem.

6.7.1. THEOREM. Let T be o linear isometry of N, onto Ng such that
T(I) = I. Then there exist a measure preserving automorphism v of the
measure space and a unimodular complex number z such that

T(Uy) = 2Ug and,
T(Ly) = U—YLfU,Y_l, for all Ly € M.

Next we state an extension theorem due to Hopenwasser and Plastiras
[137]. For a Hilbert space H, let K(H) denote the compact operators on H.

6.7.2. THEOREM. Let T : KK(H) — L(H) be a linear isometry with the
property that

sup{[{T(K)z,y)| : K € K} = [|z[|[[y],
for all z,y € H. Then T has o unique extension to an isometry on L(H).
Davidson and O’Donovan [239] extended this ‘extension” as follows.

6.7.3. THEOREM. Let A be any subspace of bounded operators on H which
contains the compact operators. Let T be an isometry of A into L(H) with
the property

sup{[{T'(A)z,y)| : A € A | A] = 1} = [[z[lllyll,

for all x,y € H. Then T is the restriction of either a x-automorphism or a
x-anti-automorphism of L(H), followed by a multiplication by a unitary.

Another class of algebras for which isometries have been determined is
the class of tridiagonal algebras. An algebra A is tridiagonal if there exists a
countable partition {E;} of the Hilbert space H so that every A € A is block
diagonal with respect to the sequence Fq, Es, ..., i.e., for every A € A it is
true that AE; C E;_1 @ E;® F;11. Jo [154] proved that an isometry T from a
tridiagonal algebra onto itself must be of the form T(A) = WAV, where W,V
are unitary operators. The proof is similar in spirit to one given by Moore
and Trent [224] for the isometries of nest algebras.

A family R of projections in £(H) is called a nest if it is totally ordered
by the relation P < @ whenever P(H) C Q(H) and contains both 0 and I. If
the nest is closed in the strong operator topology then it is called a complete
nest. The nest algebra, algR associated with the nest R is defined to be the
set of all operators in £(H) which leave invariant the range space of each
projection in R. We state now a theorem first proved by Moore and Trent,
but also proven by Arazy and Solel [15].

6.7.4. THEOREM. Let A and B denote complete nests in L(H) and let T
be a linear isometry from algA onto algBB. Then there are unitary operators U
in L(H) and V = T(I) in the commutant of B such that one of the following
cases holds.

© 2003 by Chapman & Hall/CRC



6.7. NOTES AND REMARKS 173

(i)

(if)

T(L) = ULU*V for every L € algA and the map A — UAU* =
T(A)V* is an order isomorphism of A onto B.

T(L) =UJL*JU*V for every S € algA (where J is a fizxed involution
on H) and the map A — UJAUJU* = T(A)V* is an order isomor-
phism on A onto BL.

Arazy and Solel have also characterized surjective linear isometries be-
tween unital nonselfadjoint operator algebras [15] . This gives a nonselfad-
joint operator algebra version of Kadison’s theorem for isometries (rather than
complete isometries as discussed in Section 4).

There are, of course, many papers dealing with isometries on Banach
algebras and operator algebras which we have not mentioned specifically. We
list here a few more references which the interested reader might want to
consult: [14], [77], [104] [146], [155], [156], [157], [225], [260], [290], and
[312].

We must also mention here the book by Jarosz [147] which has a wealth
of material about isometries on various Banach algebras.

Kadison’s theorem. We have already discussed the significance of Kadi-
son’s theorem. As we mentioned, in his proof he characterized the extreme
points of the dual ball and used the fact that the conjugate of an isometry
must map extreme points to extreme points, what we have frequently called
the ‘extreme point method.” This a pproach has been of much interest. As
an example, we refer the reader to a paper of Labuschagne and Mascioni
[190] which studies operators on C*-algebras that have the extreme point
preserving property.

The proof of equation (112) can be found in Bonsall and Duncan [42,
p.34] as can the proof of Theorem 6.2.1. (In particular see pages 46 and
following in that book.) The proofs of Lemmas 6.2.2, 6.2.3 and part of 6.2.4
are adapted from Takesaki [299], while those of 6.2.4 and Theorem 6.2.5 come
principally from Paterson [243].

The first generalization of Kadison’s theorem to C*-algebras without
identity seems to be Theorem 6.2.6, which is due to Paterson and Sinclair
[244]. In fact Harris [128] had such a generalization, but in his characteriza-
tion, the - isomorphism does not go back into the original algebra. (See the
end of the next paragraph.)

A mountain of literature and important developments has grown up
around the fact that although the map 7 in the Kadison characterization
of an isometry T is not an algebra homomorphism, it does preserve the in-
volution and as well as powers of elements, the so-called quantum mechanical
structure of the C*-algebras [158]. Perhaps one of the earliest developments
is that of Harris [128], who generalized Kadison’s result to Banach subspaces
of L(H) which are not necessarily *-closed. Harris defined a power algebra A
to be a Banach subspace of £(H) which contains the identity I and satisfies
the condition @ € A implies a> € A. He obtained the Kadison conclusion
for power algebras with a combination of methods from analytic function
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theory and some results from Kadison’s paper, although his #-isomorphism
is between the initial power algebra and an associated power algebra to the
original range.

Harris obtained a further generalization in 1973 when he defined a closed
subspace of the bounded operators on one Hilbert space to another as a J*-
algebra if it was closed under the operation A — AA* A and a bounded linear
bijection between two J*-algebras was called a J*-isomorphism if it satisfied
J(AA*A) = J(A)J(A)*J(A). These definitions, of course, apply to closed
subspaces of C*-algebras, and sometimes the operations considered are the
Jordan product and the Jordan triple product which we defined in the text.
Of course, J*-algebras are not always actual algebras, and they came later to
be called JC*-triples. Harris proved the following theorem [129].

6.7.5. THEOREM. Let T be a surjective isometry of a J*-algebra A onto
a J*-algebra B. Then T is a J*-isomorphism, i.e.,

T(xy*z+ 2y*x) = Tx(Ty)* Tz + Tz(Ty) Tx
for all x,y,z € A.

Harris made heavy use of holomorphic methods and showed that the open
unit ball of a J*-algebra is a bounded symmetric domain.

A complex Jordan algebra A is a Jordan C*-algebra if it is a Banach space
whose norm satisfies (i)||z oyl < ||=|l|lyll, (i) ||z|| = ||z*||, and (iii)||zz*z| =
|z||? for all z € A. A Jordan algebra is, of course, defined to be closed under
the Jordan product

1
Toy = §(xy+yx)

Jordan C*-algebras are also called JB*-algebras. Kaplansky had conjectured
that if T" is a surjective isometry between unital Jordan C*-algebras, then T
is a Jordan %- isomorphism, i.e.,

T(xoy)=TxoTy, and T(z*) = (Tx)*.

Wright and Youngson [324] proved this conjecture.

Wright and Youngson also noted that the same result had been obtained
earlier by Kaup [169] using much different methods.

Let us mention now a class which includes the ones previously discussed,
and which arises in the study of bounded symmetric domains in complex
Banach spaces [169] and appears also as the range of contractive projections
on C*-algebras [109]. A JB*-triple is a complex Banach space X endowed
with a continuous sesqui-linear map D : X x X — L(X) such that D(z,x)
is Hermitian positive, || D(z,z)| = ||z||?, and if we define {zyz} = D(z,y)z,
then {zyz} = {zyx} and furthermore

{zyfuvz} -+ ufyzvyz} = {oyujoz) + {uv{zyz}).
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Every C*-algebra is a JB*-triple with {zyz} = (1/2)(zy*z + zy*z) and
a Jordan C*-algebra is a JB*-triple with

{zyz} = (zoy ) oz 4 (z0y")ox —(z0a)0y"

The following theorem of Kaup [169] generalizes all the ones we have previ-
ously mentioned.

6.7.6. THEOREM. Let T be a surjective linear isometry from a JB*-triple
A onto a JB*-triple B. Then T is a JB*-triple isomorphism, i.e.,

T{zyz} = {(Tz)(Ty)(Tz)} forall z,y,z € A

Thus, as Werner [320] puts it, two JB*-triple systems are isometrically
isomorphic as Banach spaces if and only if they are isomorphic as JB*-triple
systems. Indeed, because of the connection with bounded symmetric domains,
the open unit balls of two Banach spaces X and Y are biholomorphically
equivalent if and only if X and Y are isometrically isomorphic [170].

An excellent discussion of these matters is given by Dang, Friedman, and
Russo [82] who have given a new proof which depends on the affine geometric
properties of the convex set of states instead of pure states or extreme points.

We conclude this subsection by mentioning a few more pertinent refer-
ences: [69], [76], [81], [108], [130], [131], [141], [142] [190], [306] [307],[308],
and [309)].

Subdifferentiability and Kadison’s theorem. The material in this
section is entirely the work of W. Werner [320] with a little help from his
colleagues Contreres, Paya, and Taylor. It is very interesting that Werner was
able to use differentiability of the norm in this much less hospitable setting,
because it touches base with Banach’s original proof. Lemma 6.3.1 is crucial
and it reminds one of the result of Russo and Dye [278] who proved that
a linear mapping of one C*-algebra to another, which maps unitaries into
unitaries can be written as a product of a unitary with a JB* homomorphism.

Lemma 6.3.3, which plays a pivotal role in the proofs of 6.3.5, 6.3.6, and
6.3.7, is due to Gregory [117]. It is through this lemma that the subdifferen-
tiability of the norm is brought to bear. The remarks prior to the statement
of this lemma and the proof of the lemma are adaptations of arguments from
the book of Phelps [252] and the paper of Gregory cited above. Lemma 6.3.4
may be found in the paper of Taylor and Werner [303], while 6.3.5 and 6.3.6
come from Contreres, Paya, and Werner [78] and the reader should consult
those papers to fill in some of the details we omitted. Lemma 6.3.7 and the
proof of Kadison’s theorem are taken from [320].

Although it is not at all related to what is going on in this section, there
exists a paper by Bachir using differentiablity to extend the classical Banach-
Stone theorem to complete metric spaces [19)].

The nonsurjective case of Kadison’s theorem. The goal of “hon-
commutative functional analysis” seems to be the study of operator spaces as
a generalization of Banach spaces. The names of Effros and Arveson, appear

© 2003 by Chapman & Hall/CRC



176 6. BANACH ALGEBRAS

to be prominent in its early development. At this time there are two major
treatises on the subject, one by Effros and Ruan [91] and the other by Pisier
[253]. The book of Paulsen [247] is very helpful. Because of the importance
of this theory in functional analysis today, we thought it worthwhile to use
it as the setting for our discussion of Kadison’s theorem in the nonsurjective
case.

Our principal source for the material in this section comes from a preprint
of a paper by Blecher and Hay [38]. The definitions of operator system, opera-
tor space, completely bounded, completely positive, and completely isometric
were taken from Paulsen [247], and the example mentioned of a positive,
contractive map which fails the corresponding complete properties can also
be found there. The proof of Proposition 6.4.1 is adapted from the proof of
Proposition 3.7 and Theorem 3.8 in [247]. The proof of Proposition 6.4.2 is
based on an argument in Pedersen [248, p.16].

The reader will have noted that a triple system is similar to what Harris
[129] called a J*-algebra. A triple morphism, as we have defined it, is not
the same thing as a JB*-homomorphism, however. We have defined a triple
morphism to be bounded, but this can be dispensed with, because a linear
map satisfying (116) can be shown to be bounded. The proof of Proposition
6.4.3 is taken from Harris [129], who was proving that a J*-isomorphism
must be an isometry. But the condition (115) defining a J*-isomorphism (or
J B*-isomorphism) is not sufficient to extend the condition to products of
maftrices.

Let us insert here an interesting result about triple morphisms. It seems
to be part of the folklore of the subject.

6.7.7. LEMMA. Let A and B be unital C*-algebras.

(i) Amap T : A — B of the form T = un(-) for a unitary v € B and an
algebra-x-homomorphism 7 : A — B, is a triple morphism.

(i) If T : A — B is a triple morphism, and if v = T(1) and = = v*T(-),
then m is an algebra-x-homomorphism. Moreover, u is a partial isom-
etry and we can write T = un(-).

(iii) If T : A — B is a surjective triple morphism, and if u, 7 are as in (ii),
then u is a unitary in BB, 7 is a surjective algebra-xhomomorphism from
A onto B, and T = uw(-).

Proor. (i) For this simply unravel um(z)(un(y))*ur(z).
(ii) We must have ||T'|| < 1 and hence ||u|| < 1. Thus 7 is also a contrac-
tion, and using (116), we get

m(@)n(y) = wT(2)(T(1)"T(y) = v (zy) = n(zy)
and 7 is a homomorphism. Since a contractive homomorphism between C*-
algebras is necessarily a *-homomorphism, we have shown the first part of (ii).

However, because T is a triple morphism, we must have uu*u = u so that u
is a partial isometry and
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(iii) For z € A,
wuT(2) = T()T(1)*T(2) = T(2),

and since T is surjective, we can take T'(z) = 1 to get uu* = 1. Now u*u=1
by the same argument, so u is unitary. The rest is clear. |

It is known that if T" is a surjective map and is a complete isometry, then T
is a triple morphism. This fact appears to have been proved independently by
Hamana [125], Kirchberg [171], and Ruan [271], and first appeared in Ruan’s
Ph.D. thesis. Indeed, from the beginning of the proof of (ii) in Theorem 6.4.4,
we get u(T'(a)) = a where p is a triple morphism. Since T is surjective, we can
apply T~ to conclude that T is a triple morphism. From this and Proposition
6.4.3, we get the following nice statement.

6.7.8. PROPOSITION. A surjective linear map between triple systems is a
complete isometry if and only if it is a triple morphism.

This, together with 6.7.7, would lead to the following version of Kadison’s
theorem.

6.7.9. THEOREM. A surjective linear map T : A — B between unital C*
algebras is a complete isometry if and only if T is of the form T(-) = uwn(-)
for u a unitary element of B and m a 1-1 x-homomorphism of A onto B.

We are indebted to David Blecher for discussions on these matters.

The notion of triple envelope (or what is sometimes called the noncom-
mutative Silov boundary is due to Arveson [17, 18] and Hamana [124, 125].
Another good reference here is [37], which includes an informative introduc-
tion as well as an extensive bibliography.

The main theorem, 6.4.4, is due to Blecher and Hay [38]. We have
only scratched the surface of what is in their paper which includes much
information about triple systems and complete isometries. Another related
reference is [39]. We note that the projection p in (iii) and (iv) of the theorem
can be chosen so that 1 —p is closed and, in fact, one could take p = u*u. For
a discussion of ‘Closed projections,” see [ 248, Sec. 3.11].

It is important to mention another paper which we have in preprint form
and which treats nonsurjective isometries between C*-algebras. This work is
by Chu and Wong [70], and is not concerned with complete isometries. By the
work of Kaup [169], which we discussed earlier in subsection 2, the geometry
of bounded symmetric domains has been shown to be completely determined
by the Jordan triple structures of the related C*-algebras, or JB*-triples.
Remarking on this, Chu and Wong indicate the importance of the Jordan
triple product in the study of isometries on C* algebras. In particular, they
ask to what extent the triple preserving property of an isometry persists if it
is not surjective.
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Let us state one of the main results from their paper. For the purposes
of this statement, we will write

1 * *
{15} = 5(ay'z + 27)
for z,y, z elements of a C*-algebra.

6.7.10. THEOREM. (Chu and Wong) Let A and B be C*-algebras and let
T: A — B be a linear isometry. Then there is o largest projection p in B**,
called the structure projection of T', such that
(i) T()p: A — B** is a triple homomorphism;
(it) T{a,b,c}p={Ta,Th,Tc}p for all a,b,c in A.
Further, p is a closed projection and (T'a)* (Th)p = p(Ta)*(Th) for alla,b € A.
If A is abelian, then ||T(a)p|| = ||a|| for alla € A.

The reader should note that the triple homomorphism as in the theorem
just above, is not the same thing as a triple morphism which appears in
Proposition 6.4.3 or in Theorem 6.4.4. In fact, the difference between the two
notions pinpoints the difference between an isometry and a complete isometry.
Also, we should remark that in the abelian case, since T'(-)p is an isometry,
Theorem 6.7.10 extends Holsztynski’s theorem in the same way as we have
seen before.

The algebras C") and AC. The material in this section is taken en-
tirely from the 1965 paper of Cambern [50]. As was pointed out by Jarosz
[147], the theorems in this paper of Cambern were the first generalizations
of the theorem of Nagasawa [231] (or de Leeuw, Rudin, and Wermer [85])
to some nonuniform algebras. It led to a number of other papers. Rao and
Roy [263] proved the same result in 1971 for algebras of Lipschitz functions
and continuously differentiable functions. Cambern and Pathak [55, 56], and
Pathak [245, 246] obtained results on C'V)(X) and AC(X) where X is a cer-
tain subset of [0,1]. Other related papers include [120], [213], [214], [258)],
[264], [315], [316], and [318].

In 1988, Jarosz and Pathak [150] devised a scheme by which it could
be verified whether an isometry between certain subspaces of C(Q)-spaces
is given by a homeomorphism between the corresponding compact Hausdorff
spaces. This scheme could be used to obtain the results we have previously
mentioned as well as many others. Here is what they set up.

Let X be a subspace of a Banach space C(Q), which separates the points
of @, and let T'x be a linear map from X into a Banach space Y. It is assumed
that the complete norm on X is given by one of the following formulas: for
feX,

(M) £l = maz (|| flloos [T £11);

Z) = Mfllee + ITx 15
C) sl = sup{lf(O)] + [ Tx f(#)] : t € Q},

—_—
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where in the last case, it is assumed that Y = C(Q). A subspace X is said to
be an M-subspace of @), X-subspace of @, or a C-subspace of @), if the norm
on X is given by the formula (M), (3), or (C), respectively, plus a number of
other conditions too numerous to list here. Here is one of the theorems.

6.7.11. THEOREM. Let X and Y be (M)-subspaces of C(Q) and C(K),
respectively. Let Qo = {ops + s € ch(X),|a| = 1|}, Ko = {ayy : t €
ch(Y),|a|=1}. Then an isometry T from X onto Y is canonical if and only
if T*(Ko) = Qo-

It is pretty clear from what we have previously seen, why this works.
Jarosz and Pathak point out that for the classical function spaces with M-
norm, the assumption can be easily verified.

Douglas algebras. Douglas algebras were named after R. Douglas, who
conjectured that any closed subalgebra A of L that contains H is generated
by H and a set of inverses of inner functions [73]. The conjecture was later
proved by Marshall and Chang [211, 64]. Perhaps the most famous proper
Douglas algebra is the algebra H* + (.

The proofs are taken from the paper of Font [105], who is actually con-
cerned with the more general problem of describing the isometries between
linear subspaces of L which contain H®°. The important Theorem 2.5.3,
which is stated in the notes of Chapter 2, is due to Araujo and Font [10]. It
enables us to consider Silov boundaries, about which more is known, instead
of the Choquet boundaries which are used in the theorems of Chapter 2 to get
the nice weighted composition form for the isometries. A key fact here is that
two Douglas algebras have the same Silov boundary. This is true because
OH™ = L. A proof of this latter statement can be found in [112, p. 191]
or in [132, p. 172].

It is well known that any algebra isomorphism on a C(K)-space is given
by a composition f — f o, and so using the Gelfand theory, and the fact
that L = C(K), where K is the maximal ideal space of L, it is not hard
to see that an algebra isomorphism of L* is as described in Theorem 6.6.1.
We thought the direct proof given by Font was interesting.

In the paper cited [105], Font also proves that any linear bijection on L
which preserves nonvanishing functions (i.e., functions f such that f(¢) # 0
for every t € T), must be of the form

Tf=h(f°5S5)

where h € L and § is an algebra isomorphism of L onto itself induced by
T.
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